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Polarization Topology at the Nominally Charged Domain

Walls in Uniaxial Ferroelectrics

Yurii Tikhonov, Jesi R. Maguire, Conor J. McCluskey, James P. V. McConville,
Amit Kumar, Haidong Lu, Dennis Meier, Anna Razumnaya, John Martin Gregg,
Alexei Gruverman, Valerii M. Vinokur,* and Igor Luk’yanchuk

Ferroelectric domain walls provide a fertile environment for novel materials
physics. If a polarization discontinuity arises, it can drive a redistribution of
electronic carriers and changes in band structure, which often result in emer-
gent 2D conductivity. If such a discontinuity is not tolerated, then its amelio-
ration usually involves the formation of complex topological patterns, such
as flux-closure domains, dipolar vortices, skyrmions, merons, or Hopfions.
The degrees of freedom required for the development of such patterns, in
which dipolar rotation is a hallmark, are readily found in multiaxial ferroelec-
trics. In uniaxial ferroelectrics, where only two opposite polar orientations
are possible, it has been assumed that discontinuities are unavoidable when
antiparallel components of polarization meet. This perception has been
borne out by the appearance of charged conducting domain walls in systems
such as hexagonal manganites and lithium niobate. Here, experimental and
theoretical investigations on lead germanate (Pb;Ge;O;,) reveal that polar dis-
continuities can be obviated at head-to-head and tail-to-tail domain walls by
mutual domain bifurcation along two different axes, creating a characteristic
saddle-point domain wall morphology and associated novel dipolar topology,
removing the need for screening charge accumulation and associated con-

1. Introduction

Nonuniform polarization textures in ferro-
electrics is a fertile ground for rich novel
materials physics. One of the implications
of the nonuniform distribution of polari-
zation is the emergence of the bound
charges at the polarization discontinui-
ties or, in general, at the points where the
divergence of the polarization vector field
is nonzero. Bound charges induce the
electric field which is energetically costly.
Accordingly, the system tends to maintain
its internal electric neutrality, however
complex the polarization distribution is.
Then the neutrality implies that either
the polarization vector field should be
divergenceless, or that the bound charges
should be screened by free carriers of the
semiconducting nature. The nonuniform
and almost divergenceless polarization
textures were mostly found in the multi-

ductivity enhancement.

axial ferroelectricsi™? for which spon-
taneous polarization vector can rotate.
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There, to avoid bound charges formation, the system facilitates
divergenceless complex dipolar topological excitations patterns,
such flux-closure domains,?¥! dipolar vortices,*>! skyrmions,®7]
merons,® and Hopfions.!

For uniaxial ferroelectrics, where only two opposite polar
orientations are possible, it has so far been assumed that the
appearance of the head-to-head (H-H) and tail-to-tail (T-T)
charged domain walls is unavoidable when antiparallel compo-
nents of polarization meet. Typically, charged domain walls in
uniaxial ferroelectrics demonstrate electrical conduction char-
acteristics that are distinctly different from the domains that
they surround. For example, in ErtMnO; and YMnO;, the con-
duction at T-T walls is significantly enhanced.’%* In LiNbO;,
the change in conduction is particularly dramatic: When H-H
charged domain walls straddle interelectrode gaps, device con-
ductivities have been seen to increase by up to 12 orders of
magnitude.[’>18]

Here, we report an alternative mechanism wiping out
the polarization discontinuity (appearing when antiparallel
domains meet) in the uniaxial ferroelectrics possessing low
domain wall conductivity. This mechanism consists in forming
the specific configuration of the polarization vector field with
the mutual domain bifurcation. It creates the characteristic
saddle-point domain wall morphology removing the need for
the screening charge accumulation and associated conductivity
enhancement. Our work presents the theoretical findings on
the domain structure in ferroelectrics with low domain wall
conductivity and the experimental results obtained for an exem-
plary uniaxial ferroelectric, lead germanate PbsGe;0y; (PGO).
Our findings fully complete the general description of the
structure of the charged domain walls in uniaxial ferroelectrics,
ranging from PGO and TGS, with low domain wall conduc-
tivity to ferroelectrics with high domain wall conductivity, like
ErMnOs, YMnOs3, and LiNbO;.

2. Results and Discussion

The lead germanate, PGO, is a uniaxial ferroelectric that under-
goes a second order phase transition at =450 K. Upon cooling,
a symmetry reduction from hexagonal (space group P6) to trig-
onal (P3) leads to emergence of a spontaneous polarization with
a room temperature value of the order of =5 pCcm=2."-21 The
loss of the centre of symmetry associated with the phase transi-
tion results in only two possible domain variants, with polariza-
tion along the [001] and [001] directions. Polarization reversal
under an applied electric field proceeds via canonical domain
nucleation and domain wall motion.?22®l The characteristi-
cally observed room temperature microstructure of PGO is
often described as consisting of domains of one type, elongated
along the polar axis, within a matrix of the other.”*? Elon-
gated domain shapes are expected to help reduce the electro-
static energy of the system, when charged head-to-head (H-H)
and tail-to-tail (T-T) domain wall regions seem to be unavoid-
able. The appearance of the domain pattern is dependent on
the viewing direction: Elongated domains are observed on the
nonpolar surface (the surface parallel to the polar axis), while
more isotropic shapeless domains are visible on the polar face
(Figure 1a,b). In contrast to ErMnO;, YMnO;, and LiNbO,
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Figure 1. Characteristic features of domain microstructures in lead ger-
manate. a) VPFM phase image of the domain structure on the polar (001)
surface. b) LPFM phase image of the domain structure on the nonpolar
(010) surface. ¢,d) High-magnification LPFM amplitude (c) and phase (d)
images of the T-T domain wall visualized on the nonpolar (010) surface.
Insets in (c) and (d) are the cAFM and KPFM maps, respectively, acquired
in the same area showing no conductivity and no surface potential varia-
tions at the T-T domain wall.

systems, the investigations of the H-H or T-T domain walls
on nonpolar (010) surfaces in PGO by conducting atomic
force microscopy (cAFM) and Kelvin probe force microscopy
(KPFM)24 revealed no evidence of the conductivity or surface
potential variations expected at these walls (Figure 1c,d).

To better understand the seemingly unique nature of the
PGO microstructure, we employed tomographic piezoresponse
force microscopy (TPFM).?’l The TPFM involves rastering
the tip of a scanning probe microscope while applying a sig-
nificant compressive force, of several micronewtons, to sequen-
tially remove thin layers from the specimen surface. Imaging
can be done either at the same time as the machining (and
under the same conditions), or in separate scans taken between
machining runs, in which more conventional tip pressures can
be applied. We took the latter approach. Machining and sub-
sequent PFM imaging in the same scanned area allow a col-
lection of a series of planar domain images to be acquired at
different depths into the sample (Figure 2a). Here, the vertical
PFM phase maps (where colors indicate the two domain vari-
ants present), taken at differing depths below a polished (001)
polar surface of single-crystal PGO, are stacked alongside equiv-
alent images in which the domain walls are highlighted. Such
images allow 3D rendering of domain structure consisting of
antiparallel counter domains (Figure 2b,c).

Several important observations are made. First, the milling
processing associated with the TPFM has not had any notice-
able effect on the PGO domain structure: The general form
and scale of the domains observed on milled (001) surfaces are
similar to those initially seen on the unmilled surface, even at
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Figure 2. Domain wall saddle points in lead germanate. a) Vertical PFM phase (left) of lead germanate at different depths into the crystal, obtained by
PFM tomography, along with the domain wall trace inferred from the PFM (right). The scale bar is 3 um. b) 3D domain wall reconstruction, obtained
by triangulating the points identified as the the DW surface in (a). c) A zoomed in view of the domain wall saddle point highlighted in (b). The arrows
show the intersecting maxima and minima, and the color scale represents z height.

depths of several microns (Figure Sla,b, Supporting Informa-
tion). Moreover, the 3D domain arrangement reconstructed
from the TPFM images shows the characteristic elongated
domain morphologies on the same scale as those observed
on nonpolar surfaces (Figure Slc-l, Supporting Information).
Second, the possibility of mechanically induced switching due
to the flexoelectric effect®! can be ruled out as there is no pref
erential growth of the domains with downward polarization,
at the expense of the upward domains, as would be expected
from the flexoelectric field pointing away from the pressing
tip. Third, the rendered domain wall contains multiple saddle
point structures.

The existence and prevalence of saddle points in the domain
wall morphology is significant. (More details of the reconstruc-
tion of their topological structure are shown in the Figure S2,
Supporting Information.) After all, a preconceived microstruc-
tural picture of cigarlike ellipsoids of one domain variant
embedded in a matrix of the other would not have produced
them and would instead have been characterized by ellip-
soidal maxima and minima (cup and rounded cone-type fea-
tures like those typically seen in 3D renders of LiNbO; domain
walls(”?"]). The saddle points instead suggest that when the two
domain variants meet (H-H or T-T), they both bifurcate, but
in different bifurcation planes (in the experiments, bifurcation
planes appear to both be parallel to the [001] and at an angular
separation of 120°, commensurate with the crystal trigonal
symmetry).

To gain further insight into the internal domain structure of
the PGO, we perform the phase-field modeling of the bumping
polarization fluxes (see Experimental Section for details).
Figure 3 displays the simulated structure of the interpen-
etrating domains with the respective up- and down- polariza-
tion directions shown by white arrows. The fair correspondence
between the experimentally observed (Figure 1) and simulated
(Figure 3a) domain textures is clearly seen. To display the spa-
tial polarization distribution, we perform the inner-corner cut
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of the simulated PGO sample (see Figure 3a). The structure
reveals the self-similar configuration with branching domains.
The vertical cross-cuts demonstrate the inclined domain walls;
the cuts crossing the meanders produce the famed “cigar-
shaped” forms. The horizontal cross-cut exposes the irregular
pattern of cross-sections of the domains with the DWs high-
lighted by green lines. Another important feature is that the
upper and bottom near-surface regions host the Landau fractal
multidomain structure that forms to compensate surface bound
charges.[?829]

Both experimental data and simulations establish the exist-
ence of the bent DWs, where, supposedly, the substantial
bound charges destabilizing ferroelectricity would have arisen.
At the same time, the electric charge, p=-div P, appears to
be vanishingly small in the vicinity of the DW ridges, where
it is supposed to be the maximal (see the charge map of the
horizontal cross-section area, magnified at the lower plane of
Figure 3b). The bound charge at the bent DWs is indeed much
smaller than the charge expected from the z-gradient of the
spontaneous polarization, p, = —d,P,, presented at the upper
plane of Figure 3b; the up- and down-arrows in the upper plane
show the directions of the P, polarization. The solution of the
puzzle is that the charge p, is nearly compensated, that is,
effectively screened, by the shown in the middle plane charge
Pxy = —0xP, — 9,P, induced by the transverse, P, and P, polar-
ization components; the in-plane arrows in the middle plane
indicate the directions of the transverse polarization. Hence,
the total bound charge arising near the bent DWs, p = p, + p,,,
comes out much smaller than p,. The more detailed distri-
bution of the polarization fields and charges is presented in
Figure S3, Supporting Information. This figure also reveals
the softening of the H-H and T-T DWs resulting in their
broadening with respect to the vertical uncharged DWs, which
occurs due to the interplay between the polarization and
electric field induced by the bound charges as predicted in
refs. [29, 30].
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Figure 3. The domain networking structure. a) An inner-corner cut of the rectangular uniaxial PGO sample. The panel displays the simulated struc-
ture of interpenetrating polarization domains with the respective up- and down- polarization directions shown by white arrows. The magnitude of the
z-component of the polarization, P,, is quantified by the color legend. The upper and bottom near-surface regions host Landau fractal multidomain
structure arising to compensate surface bound charges. The green contours depict the cross sections of the domain walls. b) The charge map of the
horizontal cross-section area shown in panel (a). The upper plane displays the spontaneous polarization charge p, = —d,P,, the up- and down-arrows
in the upper plane showing the local directions of the P, polarization. The middle plane displays the charge p,, = —dP, — d,P, induced by the transverse
polarization whose local directions are shown by the in-plane arrows. The bottom plane displays the total resulting charge p = —div P and demonstrates
that p,, effectively screens p, so that the total charge, p, is vanishingly small in the vicinity of the inclined DWs. c) Visualization of the complex network

of polarization lines formed by the counter-flowing polarization fluxes corresponding to the “up” and “down” domains.

The obtained smallness of the bound charges at DWs dem-
onstrates the basic concept that uniaxial ferroelectrics main-
tain the divergenceless character of the polarization because of
the specific texture of the polarization vector field. The bound
charges are indeed small since they induce the electric field
which is energetically costly. Accordingly, the system tends to
maintain its internal electric neutrality.

Figure 3c displays the polarization distribution as flux bun-
dles visually identical to the countercurrents in incompressible
liquid that slightly deviate from their original paths to avoid the
clash. The counterflowing streams in the liquid correspond thus
to the oppositely oriented polarization domains which bend to
avoid the H-H and T-T collisions. Then, the neutrality is pro-
vided by the topological entwining of the encountered polariza-
tion line streams, separated by the single path-connected DW
extended through the system. The neutrality implies that the
polarization vector field is divergenceless, hence similar to the
velocity field in incompressible liquids. The overall configura-
tion of the polarization pattern forms in accordance with the
fundamentals of topological hydrodynamics,?! and is identical
to that of the velocity field of the incompressible liquid flowing
in a restricted volume. The energy cost related to the domain
bending is far below the expense of the electrostatic energy
associated with the onset of uncompensated bound charges.
Accordingly, the polarization forms a network of the counter-
flowing slightly bent domains alternatively carrying “up” and
“down” polarization fluxes. It is the transverse component of
the polarization that ensures that the domains with opposite
flux avoid the mutual clash.

The counterflowing domains are separated by domain walls
as shown in detail in Figure 4. Figure 4a presents an essen-
tial building block of the domain network, the two branching
streams that assume the V-shape clash-avoiding scissoring
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configuration. The global image of the domain wall is shown
in Figure 4b and constitutes a path-connected topological
manifold. Figure 4c shows the side view of the DWs manifold.
Figure 4d is a tilted view clearly exposing the scissoring point V
marked red. This point realizes a saddle node singularity of the
polarization vector field P (Figure 4e). The node is characterized
by the singularity index calculated as the sign of the Jacobian
of the field P at point V, N = sgndet||d,P}||.*? Accordingly, N is
equal to +1 when the outcoming in the +z-direction polarization
fluxes of T-T encountering domains captivate the polarization
flow converging to the V-point from the x—y plane; this situ-
ation is shown in Figure 4e. In the opposite case of the H-H
domains encountering, N = -1.

The singularity of the field at point V is a topological prop-
erty. To see that, let S? be a closed sphere centered at V that is
pierced by the polarization field P. Consider now the map of
S? onto the space of the tips of the normalized vector n=P /P
which is also a 2D sphere S2. Thus, each point € S? has an
image on S’ corresponding to the vector n at this point. This
correspondence is characterized by the degree of the map

f

SZ ﬁslz y[32]

degf = L J (n-[denxd,n])dOde "
A o

where the integration is performed over the surface S?, with
¢ and 6 being the spherical coordinates. This quantity is an
integer number giving the number of times that the image of
sphere S? is wrapped over the sphere S’%; hence, it is the topo-
logical characteristic of the point V that does not depend on
the choice of the wrapping surface. Importantly, the degree of
the map S>—S” for the sphere surrounding the point V is
identical to the singularity index N for this point, degf= N. This

© 2022 The Authors. Advanced Materials published by Wiley-VCH GmbH

85U8017 SUOWILLOD @A EaID 3|qeojdde au Aq peusenob are sejone VO ‘8sn Jo SNl 10} AriqiT8uluO /8|1 UO (SUORIPUOD-PUB-SWBHW0D A8 1M ATelq 1 pul|UO//SdnL) SUORIPUOD pue sWe 1 8y} 885 *[202/S0/TE] Uo AriqiTauluo £e|IM ‘Lenoy ap 1 ,eAIUN Ad 820202202 BUiPe/Z00T 0T/I0P/W0 A8 1M Aeiq Ul uo//Sdny Woly papeoumod ‘St ‘2202 ‘S60vTZST



ADVANCED
SCIENCE NEWS

ADVANCED
MATERIALS

www.advancedsciencenews.com

www.advmat.de

Figure 4. The domain wall’s topological structure. a) The collision and subsequent splitting of the polarization streams in point V result in the scis-
soring pattern. b) The top view of the domain wall. c) The side view of the domain wall. d) Isometric projection of the domain wall. Point V corresponds
a scissoring of the streams in (a). (b)—(d) demonstrate that domain wall is a single path-connected surface separating the channels carrying the con-
tinuous oncoming streams of polarization fluxes piercing the system. The color map visualizes the effective surface charge density, o, quantified by the
the color legend. Importantly, the value of ¢ is substantially less than the polarization reversal AP, ~ 10 uC cm™ at the head-to-head and tail-to-tail
domain walls because of the lateral screening effect. e) The enlarged vicinity of the saddle singular point V. The pink disc stands for the piece of the
plain tangent to the saddle surface in the point V. The blue lines depict the polarization flow in the vicinity of the singularity.

fundamental statement establishes the deep relation between
the topological properties of the point V and the differential
properties of the polarization vector field, P, in its vicinity.
Therefore, the stability of the domain scissoring structure
hosting the singular saddle point V is topologically protected.

It is clearly seen that in the close vicinity of the saddle point
V, the shape of the DW is the saddle surface, that is, a sur-
face that curves up and curves down in perpendicular direc-
tions. The color of the manifold (see Figure 4d) represents the
effective surface charge density at the manifold which remains
indeed low. The DW assumes the configuration that minimizes
its energy under constraints imposed by the boundary condi-
tions stemming from the domains’ collisions. The shape of
the DW is similar to that of the soap film, which is attached to
the outer fixed frame and shapes itself to minimize its surface
energy.>}l The DW is thus an exemplary realization of a con-
cept widely known in mathematics as the Lagrange minimal
surface problem.?¥ Note that our multiconnected domain wall
presents a more general case than the usual minimal surface of
the soap film: it accounts also for the minimization of the non-
local energy of bending of the DW-generating counter-flowing
polarization field lines.

The above consideration of the domain wall structure in
uniaxial ferroelectrics is of universal character since it is based
on the fundamental topological principles implemented in
a general form of the Ginzburg-Landau functional. The only
parameter that drives the topology of the H-H and T-T DWs
is the concentration of the free charge carriers that screen the
bound charges due to polarization. In the PGO material, we
assumed the absence of the screening charges that corroborates
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with the absence of conductivity of the DWs. Our simulations
(see Experimental Section for details) show that the single-
path-multiconnected domain walls and the associated saddle
points cease to exist upon increasing the concentration of the
screening charges. Figure S4, Supporting Information, dem-
onstrates how these unique topological features emerge at the
low concentration of the free screening charges and disappear
upon increasing their concentration. The saddle points’ disap-
pearance is followed by the simultaneous breaking up of the
single-path-connected DW into the set of the multitude of non-
connected surfaces. The simulation results shown in Figure S4,
Supporting Information, are compared with the experimental
data for several uniaxial ferroelectrics (see Figure S5, Sup-
porting Information). Comparison shows that a good number
of uniaxial ferroelectrics, including the TGS, ErMnO;, and
LiNDbO;, follow the described-above scenario of evolution
of the topology of the DWs upon changing of the charge
carrier concentration.

3. Conclusion

Combining experimental and theoretical studies of the domain
structure in the lead germanate, we reveal an effect of elimi-
nating the bound charges arising in the H-H and T-T configu-
rations. Polarization bifurcations at the H-H and T-T domain
walls along two different axes create characteristic saddle point
like domain junctions, associated with the distinct dipolar
topology. Eliminating polarization discontinuities by screening
results in the vanishing of bound charges and the associated
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conductivity at the H-H and T-T domain walls in the PGO.
It is expected that the obtained results will prompt high-res-
olution microscopy studies of the detailed structure of these
notionally charged domain walls. The method resulting in the
successful description of the polarization texture in the PGO is
based on the similarity of the polarization vector field behavior
to the flow of an incompressible fluid. This general considera-
tion well applies to other uniaxial ferroelectrics and gives a new
dimension to the study of topological textures in polar solids.

4. Experimental Section

Tomographic Piezoresponse Force Microscopy: The TPFM experiments
(Figure 2) were performed on the polar face of the same lead germanate
crystal, using an Asylum Research MFP-3D Infinity AFM system
with an internal lock-in amplifier. The TPFM technique employed
involves simultaneous PFM imaging of the domain structure and
AFM machining. A conductive diamond-coated silicon probe was
scanned over the surface at a speed of 75 ums™. The probe has a
high stiffness constant of 80 Nm™, which, when combined with a high
AFM deflection setpoint, produces a significant force on the sample
surface. This resulted in the sequential removal of layers of material at
a rate of approximately 0.2 um per scan, up to a total depth of 4 um,
over a 20 um x 20 um region. Domain information was collected
simultaneously via PFM (AC bias amplitude 2 V and frequency 3.0 MHz)
allowing for the domain evolution through the depth of the crystal to
be mapped. The locations of the domain walls at various depths were
extracted by taking the gradient of the PFM phase maps collected during
TPFM. Using these domain wall locations, a 3D reconstruction of the
domain wall surface (Figure 2a) was created using the “alphaShape”
triangulation function, implemented in MATLAB. All PFM data were
collected at room temperature under ambient conditions.

Phase-Field Method: The simulations were based on the minimization
of the Ginzburg—Landau (GL) functional, F = [fdV, with respect to the
magnitude of the z-directed spontaneous polarization, P, playing the
role of the order parameter in the uniaxial ferroelectric material, and with
respect to the electric potential, ¢, determining the electric field E=-V¢
and elastic strains u;.

j
The free energy density is

A28 pe Cpe G ypy
f=5(T=TO)P2+ 2= P4+ ZPS+=(VP)

2
+Paz¢_%808b[(v¢)z+5_2¢2]_Cﬁk/Qk/33”g'Pz+%Cyk/“y“k1 A
Here, the repetitive indices imply the summation over these indices.
The total polarization including also a non-critical part induced by the
depolarization field is given by P =pPz+¢geE , where it is assumed that
the background dielectric constant g, is isotropic.

The relevant for the uniaxial case electrostrictive constants, Qys3,
Qu233 = 0.14, Q3333 = 0.20 [ 108 cm* C2 and stiffness coefficients,
Gy Cozzp = 6.84, Cuzs, Cazz = 179, Gogzz = 9.48 [10° m™2 N],
were taken from refs. [19] and [35], respectively. The numerical
values of the GL coefficients were obtained from fitting the
experimental data reported in the preceding studies of the PGOI™
(see Figure S6, Supporting Information, A = 1.09 x 107 C2 m? N K7,
c=33x10"C*m°N, G=8.26x10"° C2m* N, the vacuum dielectric
permittivity & = 8.85 x 1072 C2 m~2 N7, and the background non-critical
part of the dielectric constant & = 20). The zero-strain fourth order
coefficient b required for strain-dependent functional, Equation (2), was
calculated using the zero-stress coefficient b(% = 0, obtained from fitting
the experimental data, using the renormalization procedure described in
ref. [36] (b(“)/425(6)/4+(Cm1+C1122)Q12133+%C3333Q32333+2C1133Q1133Q3333
= 4.75%10° C* m® N).

Incorporation of the screening free carriers into the model was
accomplished via the screening length & = (ao/4n'3)V2 7l where
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ao = 0.053 nm was the Bohr radius. The typical value of 6, reproducing
the path-connected DW containing saddle points and having
polarization bifurcations, was selected above 7 nm corresponding to the
carrier concentration below 2 x 10" cm™. For smaller &, the structure
transforms into the series of the head-to-head or tail-to-tail domains
separated by 2D domain wall membrane comprising hills and potholes.
The corrugation has the tendency to become more smooth with a further
decrease of 8. Below 6 = 5 nm (corresponding to n = 1.5 x 10" cm™),
the H-H (T-T) DW becomes practically flat (see Figure S4, Supporting
Information).

To perform numerical calculations, the phase-field method
implemented via the FEniCS software package was used.’® Nonlinear
system of partial differential equations to solve comes from the variation
of the free-energy functional, Equation (2), with respect to polarization
P:

_, 0P _6F 3)
LT

where 7 is the time-scale parameter, whose value is irrelevant for our
current case and is taken to be equal unity.

The nonlinear system of Equation (3) is closed by the linear system
corresponding to electrostatic (with screening) and elastic equations:

£0€y[V2 =619 =0,P @)

Ciji9j(un —QussP?) =0 (5)

The computational domain was a rectangular box with dimensions
200 x 200 x 500 nm that was partitioned into tetrahedrons with the
help of 3D mesh generator gmsh.¥ The encountering of oncoming
antiparallel domains was achieved by the special choice of boundary
conditions for polarization at the top and at the bottom of the sample.
At the top and bottom surfaces of the computational domain, the
Dirichlet boundary conditions were imposed, Py, = P’sin(27x/100 + 7)
sin(271y/100), Ppotiom = P'sin(27x/100)sin (277y/100), where P’ = 5 uC cm=2
was the value close to the equilibrium value of polarization throughout
the volume of the sample. The phase shift between polarization
distributions at the top and bottom rectangular surfaces was properly
selected to ensure encountering of the oppositely polarized domains in
the bulk of the sample. In the x and y directions, the boundary conditions
on P and @ were set to be periodic.

Approximation of time derivative at the left-hand side of the variation
(3) was accomplished by the BDF2 stepper with the variable time
step. At the first time step of the simulation, the values of the
polarization in the computational domain were taken randomly from
the [-107#, 107 uC cm~2 interval. The solution of the nonlinear system
of equations was accomplished by the Newton-based nonlinear solver
with the line search and generalized minimal residual method with
the restart."2 The linear system resulting from the discretization of
Equations (4) and (5) was solved using the generalized minimal residual
method with the restart.

Supporting Information

Supporting Information is available from the Wiley Online Library or
from the author.
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