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Abstract

We here consider the propagation of surface water waves described by the Boussinesq system.
Following [9], we introduce a regularized Boussinesq system obtained by adding a non-local
pseudo-differential operator define by g/)\ﬁ = |k|*é, with A €]0,2]. In this paper, we display a
twofold approach: First, we study theoretically the existence of an asymptotic expansion for the
solution to the Cauchy problem associated to this regularized Boussinesq system with respect to
the regularizing parameter €. Then, we compute the function coefficients of the expansion (in €)
numerically and verify numerically the validity of this expansion up to order 2. We also check the
numerical L? stability of the numerical algorithm.
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1 Introduction

1.1 Motivation

Flows with a free surface are a very difficult issue, both for the time evolution of the fluid and for
the time evolution of the free surface. First, one must settle the geometry and then find a reasonable
mathematical model for the flow. The latter will be the Euler equation most of the time. Then one must
decide the boundary condition (slipping on the solid boundary most of the time).

Solving the full Euler equation with a free boundary is too complex. To analyze and simulate simpler
models one usually derive an asymptotic model from the Euler equation, by selecting of a physical
regime. To this end, a rescaling is applied, upon hypothesis on the magnitude physical parameters,
introducing a small parameter on which the asymptotic model will be built. For the Boussinesq system
for long wave in shallow water, we refer to [5] and [6].

In [10], Schonbek proved that the classical Boussinesq system has a weak solution. Then, Amick
showed, in [2], the existence and uniqueness of a smooth solution of the same Boussinesq system. For
the general case, the authors studied, in [7], the abcd-Bousinesq system for different values of parame-
ters a, b, c and d. In particular, they prove, for all 7" > 0 and s > 1, the existence and uniqueness of
the solution of the classical Boussinesq system in C ([0, T, H*(R) x H*™(R)) withinf,cg(1+¢o) > 0.

Regularizing effect have been taken into consideration by several authors: either for theoretical reasons
or for taking into account the regularization due to viscosity, one may add a regularizing term to
Boussinesq system (see [2]). This approache was used, for instance, in [9] where the existence and
uniqueness of the regularized solution is proved, and the authors establish the convergence of the
regularized solution toward the non-regularized one when the regularizing parameter tends to zero.

A further question would be to know whether the regularized solution can be expanded when the
regularizing parameter tends to zero. That is our goal in the present article. We will check (theoretically
and numerically) that the solution to a regularized Boussinesq system has an asymptotic expansion
with respect to the regularizing parameter.

The article is organized as follows. We continue this section by the presentation of the model. The
second section is dedicated to the notations and preliminary estimates that will be used through the
whole paper. In Section 3, we adapt the method used in [1] to prove theoretically the existence of an
asymptotic expansion of the solution to the regularized Boussinesq system with respect to the regulariz-
ing parameter. First, we prove the existence of the asymptotic expansion’s coefficients. Then, we prove
that the rest of the asymptotic expansion is small enough. Section 4 is the numerical study and it divides
into three subsections. In the first, we define the numerical scheme and we verify its convergence to the
expected solution. In the second, we verify numerically the result of [9] that the regularized solution
tends to the non-regularized one when the regularizing parameter € tends to zero. In the third, we
check the existence of an asymptotic expansion of the regularized solution with respect to € up to order 2.



1.2 Presentation of the model

We consider the classical Boussinesq system:

Up — Uiy + G + uty =0,

where the quantity u = u(x,t) is the horizontal velocity of the liquid particle which is at position
x € Rattime t € R, and the quantity ( = ((x, t) is the total height of the liquid.

For A €]0, 2] and € > 0, we consider the following regularized Boussinesq system:

{(ﬁuﬁ(éwﬁﬁgx[d =0, (12)

Up — Upze + Cx + U, = 07

where the operator g, is the non-local operator defined through the Fourier transform by

all = kPG, A€)0,2)

Remark 1 For )\ €]1,2], the operator g can be seen as a non-local regularizing operator. While for
A €]0, 1], this operator can be considered to model some detonation phenomena (see for instance [8]).

In [9], the authors showed that for s > 1/2, ¢ > 0, A €]0, 2] and for the initial condition (y, ug) in
H*(R) x H**!(R), there exists a unique global solution (¢, u.) € C (R, H*(R) x H**!(R)) of the
Cauchy problem associated with (1.2).

Moreover, they prove that the solution (., u.) of (1.2) with initial condition ({y, uo) in H*(R)x H**1(R),
for any 7' > 0, satisfies

(Coud) =5 (CGu)  in C([0,T], H*(R) x H*L(R)), (1.3)
where ((, u) denotes the solution of (1.1) with initial condition ((p, ug).

Last the authors showed the continuity and the convergence of the flow-map with respect to the
parameter ¢ € R™. All these results are obtained only under the non-zero-depth condition 1 + (5 > 0.

2 Notations and basic estimation

In this section, we define the functional spaces and we give some basic estimates.

2.1 Notations and functions spaces

In the following, C' denotes any non-negative constant which exact expression is of no importance.
The notation z < y means that there exist C' such that z < Cy. We designate by C' (A1, Ao, ...) a
non-negative constant depending on the parameters A\, Ao, ... and whose dependence on the \; is
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always assumed to be non-decreasing.

Let p be any constant with 1 < p < oo, we denote L? = LP(R) the space of all Lebesgue-measurable
functions f with the standard norm

| flrr = (/R\f(x)\pdm"); < 00.

For p = 2, the real inner product of any functions f and g in the Hilbert space L?*(R) is denoted by

(f.9)re Z/Rf(x)g(x)dx.

The space L™ = L>°(R) consists of all essentially bounded, Lebesgue-measurable functions f with
the norm

| flre = esssup | f(z)] < oco.

For any real constant s, we define the pseudo-differential operator A® by A* = (1 — 9,,)2. The
space H® = H*(RR) denotes the Sobolev space of all tempered distributions f with the norm

f

For (X, |.|x) a Banach space, we denote as usually L?(]0,7[,X),1 < p < +o0o, the space of
measurable functions f with the norm

Hs = |A8f|L2 < 0.

1

T 1
s = ([ Ir0Ba)” e 1<p<on,

and for p = 400

| floeex = ess sup [f(.,1)|x.
te[0,7)

The space C*(R) consists of k-times continuously differentiable functions. And C*([0,T], X)
denote the space of k-times continuously differentiable functions f from [0, 7' with value in X, with
the norm

- (@)
k = max su L) x-
| fle ([0,7],X) o te[og] L0 t)]x

Finally, for f, g and fg belonging to Banach space X of functions, and for a closed operator .J
defined on X, the commutator [/, f] is defined by

[J. flg = J(fg) — fJ(9).
2.2 Preliminary estimates
In the following, we recall some product and commutator estimates for functions defined on R.

Let r1, 75 in R be such that 7y 4+ ry > 0. Then for all , such thatr < r; (i = 1,2) and r < r; + 719 — %
and all f € H™(R), g € H™(R) one has fg € H"(R) and

\folar S 1flam|glmr. (2.1)



For any r > 0, and for (f, g) € (H"(R) N L>=(R))?
[fglar S |fllglar + [flarlglre (2.2)

For f and g two functions in W1?(R), we have (see [4]- p. 133)
(fa:yg)Lz = _(fu g.Z’)L2' (2.3)

Recall that for any r > 0 and (f, g) € H"(R)?, we have by definition

(A", flg = A" (fg) — fA"(9). (2.4)

Concerning commutator estimates, we need the following proposition:

Proposition 2.1 Letb > 1/2, > 0. If f € H" N H*™! then for all g € H™~' N H®, we have

A", flglez S [felos|glar— + [ felmr-1]g] L~ (2.5)
10:([A", f1g)|ee S A" falglre + |[A7, f1ge] 2. (2.6)

Moreover, if 0 <r <b+1, f € HbH and g € H"™', one has
[[A", flglee S | felmelglur—1. (2.7)

See [3]- pp. 283 and 286 for the proofs of (2.1), (2.2), (2.5) and (2.7). Estimate (2.6) is a consequence
of the following equality:
9:([A", flg) = 0:(A"(fg)) — 0:(fA"9g)
= AT(fmg) - forg + Ar(fga:) - fArg:c
= [A", fo]g + [A", flga.

3 Expansion of the regularized solution with respect to ¢

In this section, we prove the existence of an asymptotic expansion, with respect to €, of the solution
(e, ue) to the Cauchy problem associated with the system (1.2).

Lete > 0, A €]0,2] and
s> 1/2+ max(\, 1). (3.1)

For m € N* we define
o' = s+ (m—1)max(\ 1), 1 <l <m. (3.2)

We now give our main Theorem:



Theorem 3.1 For T > 0 and ((y,ug) € H'(R) x HTYR), let (C.,u), respectivly (¢, u), €
C([0,T], H*' (R) x H* *1(R)) be the solution to the Cauchy problem associated with (1.2), respectivly
with (1.1), and initial data (o, uo). Then there exist m vectors (¢, u;) in C([0, T, H*" (R)x H*"*1(R))
such that, (., u.), admits in C([0, T], H*(R) x H**1(R)), an asymptotic expansion up to order m,given
by

=(+ Z elQ + o(e™), Z €u + o(e (3.3)

=1

Remark 2 For f in a Banach space X, the error f = o(e™) is defined by
|11 x
Em

— 0 when €¢—0.

To prove Theorem 3.1, we first prove the existence of m vectors ((;,u;), 1 < [ < m in Section 3.1.
Then, we prove that these m vectors are the coeflicients of the asymptotic expansion (3.3) in section
3.2.

Throughout this paper we will use the following elementary result:

Proposition 3.1 Letm € N*and1 <1 <m. Fori =0, ..., — 1, we have
o > of" + max(\, 1),

and then, H*" (R) is continuously injected in H*"+*(R) N HY" A (R).

Proof:
= s+ (m —1i). max(\, 1)
> s+ (m —l)max(\, 1) + max(\, 1), because <[—1
> oy + max(A, 1),
and then, the result follows. O

3.1 Existence of the asymptotic expansion’s coefficients

We put the assumed expansion (3.3) of ((., u.) in the system (1.2). The system satisfied by ({;, u;) is

()t + (w)e + (Gw)z + (Cowr)s = fru,
for 1 <1 <m, (w)e — (W)tae + (Q)z + (w)e = foy, (3.4)

G(x,0) =: Go, wi(x,0) =: wp,

where
-1

-1
fii=— Z(C@'ul—i)x — gxlG-1], and fo; = — Zui-(ul—i)x~ (3.5)
i=1 i=1
So, the solution ((;, u;) are defined owing to the preliminary knowledge of previous order terms in the
expansion ((;, u;);—1,._;—1 and also (¢, u). We will make an induction to prove all those coefficients
exist and later check the difference between these coefficients is o(1).



Remark 3 In our problem, ;o = w;g = 0 but we want to show the existence in the general case
independently of the value of (o and w.

In this subsection, we prove the existence and regularity of the solution ((;, u;) of the Cauchy problem
(3.4), assuming ((;, u;)i=1,.. ;-1 as stated in the following Theorem 3.2.

.....

Theorem 3.2 Let T > 0, ¢ > 0, A €]0,2] and s > 1/2 + max(\,1). We suppose ((o,u) €
H" (R) x HY"TY(R) and the functions (i, ug) i = 1,...,1— 1, are in C([0,T], H*" (R) x H T1(R))
with ", @ = 1, ..., m defined in (3.2).

Then there exists, a unique solution ((;,w;) of system (3.4) in C([0, T], H*" (R) x H®"T1(R)).
This solution satisfies for all t € [0, T, the following inequality:

1 t

E (G w) < eMPE Qo) + 5/ A2 B(rdr (3.6)
0

where B(r) depends on the functions ((;, u;)i=1,.. j—1-

Proof of Theorem 3.2:

The existence of solution of system (3.4) in C([0, 7], H*"(R) x H*"**(R)) follows, in a classi-
cal way, by using the Friedrichs regularization technique, the Cauchy-Lipschitz theorem together with
energy estimate in the vain of (3.6) writen for the Friedrichs mollifiers solutions (see for instance [11]
p. 414 or [14] Appendix A). The uniqueness is easly showed by estimate (3.6) writen for the difference
of two solutions.

Remark 4 The existence and uniqueness result concerning system (3.4) can be also obtained by Bona-
Smith regularization technic always with the Cauchy-Lipschitz theorem and energy estimate of type
(3.6) (see ( [9]) in case of nonlinear system).

In the following we give a detailled proof of the energy estimate (3.6).
To prove the energy estimate (3.6), we define, for o > 0, the energy operator by:
E“: H*R) x H*"'(R) — R
(Cu) — B + s

Since s > 1/2 + max(\, 1), H*" is an algebra for all [ = 0, ..., m. To simplify the notation in this
Section 3.1, we denote
ac=aq;".

Below, we use the energy estimate to show that the energy operator £((;, u;) is bounded in the time
interval [0, 7']. We apply the operator A to (3.4); and (3.4),, then multiply these two equations by



A“(; and A“u; respectively.
We integrate this new system with respect to « and we sum the two equations. We find

0(E*(Grow)?) = — (A% (w)e, A*G) 2 — (A (uQ)a, AQ) 22 — (A% (wiQ)ay AQ) 12
- (AQ(CZ>$, Ao‘ul)Lz — (Aa(uul)m, Aaul)Lz -+ (Aafljl, AQCI)L2 + (Aafg’h Aaul)L2

7
~S 0, 3.7)
j=1

where the o are the j — th monomial in the equation above. The functions f;; and f,; are defined in
(3.5).

We now turn to estimating the different terms of the previous identity:

Estimate of o, and 04: We use (2.3) and get

o1+ o4 = (A*(w) e, A%C) 2 + (A“(Q)w, A%uy) 2 = 0. (3.8)

Estimate of o5: We use here the Cauchy-Schwarz inequality and the definition of the commutator (2.4).
One has

|oa| = [(A*(u.G)z, A%C) 2| = [(A(w.Gt), A%(C)x) 2]

w NG, (A*Q)) 2| 4 |[([A%, u] Gy (A"G)a) r2
[(uay [N 2] + (O ([A%, u]Gr), A“G) 2]

|(ua A“G, A%G) 2] + (02 ([A, u]G), A%G) 12 ]

|trg| oo |Gl 7 + (0 ([AY, 4] 1), A“G) 2]

IN

— —

N~ N~

IN

For the first term of the above inequality, we use that H*(R) C L*(R), we get

1 1
5’“96|L°°’<l|§{a S §|Ux’H“|Cl‘12LIa- (3.9)
Then, for the second term by using the Cauchy-Schwarz inequality and (2.6), we get

|(ax([Aa7u]Cl)7AaCl>’L2 5 (‘[Aaaux]Cl’LQ + HA(X>u](Cl)x‘LQ)‘AaQ’Lza

We use below (2.7) for the first term (r = o, b = o — 1) and for the second term (r = o, b = ). We
obtain

(1A% ue] Gl + 1A% u(G)el2) INGlre S ([t o1 ]Gl et + [l ae] (G)al o) 1G] e
< 2t e Gl e (3.10)

By (3.9) and (3.10), we can state

5
ool = [(A% (U)o, A*G) 2] S 5 ltta] e |Gl e

5
< 5|ug[,,|HQEOC(<’Z,ul)? (3.11)



Estimate of o3: We use here the Cauchy-Schwarz inequality. We get

o3| = |(A" () e, A%Q) 2| < |wiC|go+1 |G| e
< |Ul|Ha+1|C|Ha+1|Cl|Ha
S €l ar B (G w)? (3.12)

Estimate of o5: We use (2.1) such that r = v and ry = 79 = o + 1 and we get

los| = (A% (vwr) e, A%up) 2] < [AY(ua)| 2] A ()] 22
5 |U‘HO“H |Ul|?{a+1
< Julgan B (G w)?. (3.13)

Estimate of 04: We use the triangle inequality for f; ; defined in (3.5). We find

-1
lo6| = [(A® fri, A%C) 2| < Z [(A*(Gitr—i) 2, A*G) 2| + [(A*gA[Ga], AG) 2.
=1
=: |o6.1| + [o62]

1. To estimate 0g1, we use (2.1) such that r = ry = r, = o+ 1, and get

= -1
|06.1| = Z [(A*(Gui—i)o; A*Q) 2| S Z |Gittr—i| a1 |Gt e
=1 =1
=
S Z |Gl ot [wi—i| a1 |G e (3.14)
=1

2. To estimate o 2, we use the Cauchy-Schwarz inequality. We have

06.2] = [(A%ga[G-1]; A“C) 2| = |/RAO‘E[C\1—1] Ae¢, dk|

= | [ B T A7 0k
R

< (/(1+1f2)a+A G (K) dl{:)§ 11| e
R
=[Gt gorr[Glae. (3.15)

By (3.14) and (3.15), we can state

-1

|O’6‘ = |(Aaf17l,Aa<l)L2| 5 [Z |Q|Ha+1\ul_i\Ha+1 —+ ’<1_1|Ha+Ai| Ea(Q,ul). (316)
=1

Estimate of o;: We use (2.1) for fl2 given by (3.5), and get

-1
7| = (A fau, A%w) 2| ) I (i (i) 22 | e
=1
-1
S [l e i e E* (G ). (3.17)

i=1



Now, we put the estimates (3.8), (3.11), (3.12), (3.13), (3.16) and (3.17) in (3.7). We get

5
OB (G u)?) S |3 e+ [Claress + ulggess ] B*(Gy )’
-1

+ [|Q_1|HQ+A +3° (|§i|HQ+1|ul_i|Ha+1 + |ui|Ha|ul_i]Ha+1>]E°‘(Q,ul),

i=1

= A E* (G, w)* + Bt)E* (G, w). (3.18)

We use (3.18) to prove that the operator £((;, ;) is bounded in the time interval [0, T].
For all T' > 0, we denote A := sup,¢(o 1) A(t). Then

OH(E*(Gyw)?) < AB*(Gyw)? + B(H) EY(G, ).
Now, we multiply by e~4* and get
at (e_AtEa(Cl, ul>2) S G_AtB(t)Ea(Cl, ul).

We get
1 t
E (G w) < eM2EY(Go, up) + 3 / A2 B(rdr. (3.19)
0

So, we completed the proof of Theorem 3.2.

3.2 Smallness of the remaining term in the expansion

Below, we prove that the solutions ((;,u;), [ = 1, ..., m given by Theorem 3.2 in Section 3.1 and the
solution ((, u) of the system (1.1) are actually the coefficients of the asymptotic expansion of the
solution ((, u.) with respect to €. To that purpose, we subtract the expansion from the regularized
solution and prove that the remaining term is small in functional spaces.

In the following, we use the notation U, = (., u,) for the solution of system (1.2), U; = ((;, u;) where
[ =1, ...,m for the solutions given by Theorem 3.2, and Uy := U = ((, u) the solution of system (1.1).
Let V; be defined by induction by the formulas:

Vb = Ue:
! (3.20)
‘/l—l—l :‘/Z_EUZ for l:O,...,m.

This definition is designed so as to have the following expansion with the remaining V. 1:
l
U=U+Y €U+ Vi (3.21)
=1

We denote here X" := H"1(R) x H*=1"!(R), where /" was defined in (3.2).

10



Remark § The injection mapping X;" C X[}, is continuous. Moreover X" is still an algebra up to
[ = m + 2 thanks to the assumption (3.1).

In the following we will use the following Lemma, so as to state that the rest of the expansion tends to
zero in functional spaces when ¢ tends to zero.

Lemma 3.1 Let € > 0. Then for | =0, ...,m, Vi1, defined by (3.20) belongs to X["!|. Moreover, as ¢
tends to zero, Vi1 tends to zero in X[ ,.

Proof: (by induction)

For [ = 0, itis clear that V) = U. — U € X{". Then, we use the convergence (1.3) that is proven in
Theorem 1.1 in [9]. We get Vi = U, — U goes to zero in X{* when ¢ — 0.

For [ = 1, by definition V, = V; —eU;. We just proved that V; tends to zero in X{* C XJ*, and U, de-
fined by Theorem 3.2 (for [ = 1) then bounded in X3". Therefore, V5 tends to zero in X35* when e — 0.

Now, by induction step, we suppose that the property of Lemma 3.1 is true for [. Hence V;,; =
V,— €U e X 1 and Vi, tends to zero in X', when ¢ — 0 (the same interpretation as the case
[ = 1). This completes the proof of Lemma 3.1.

O

The expression (3.21) defines the asymptotic expansion of U, where V} is the rest of the expansion.
To complete the proof of Theorem 3.1, we must prove that: for[ =0,...,m

Vier = o(€). (3.22)

For that purpose, we expand U, up to order [ in (1.2) and we write the system satisfied by V1 =: (p, q).
After simplifications of the order 0 to [ terms, thanks to Theorem 3.2, we get this nonlinear system:

Pt G+ Z (G:@)x + € (wip)a] + (P0)= + €ga[p] = Frita,

] . (3.23)

Gt — Qtax + Pz + Z € (wiq)s + qq: = Fy 41,

\ =0

where, 0 <! < m and:

Lk Lk
Fiig = Z T (G —i)e — € ga[G], Fou = Z 0 (),

k=1 k=1
and vanishing initial conditions (if [ > 1). By (3.20), the solution V;,; of the system (3.23) belongs to

m
Xl+1

To simplify the notation here, let ;. be the nonlinear partial differential operator defined by the
system (3.23), i.e.

Diy1(Vig1) = (Frivn, Fogg). (3.24)

Now, we need two technical lemmas to complete the proof of the Theorem 3.1. We will prove first that

11



the right hand side of (3.24) is o(€!) in adequate norms. Then, we will prove that the solution Vi, ; to
(3.24) depends continuously on the right hand side. The conclusion will be obvious then.

Lemma 3.2 For 0 <[ < m, we have
(Fris1, Fayer) = o(€) in L7 X[7,.
Remark 6 By using (3.1), we get that X!, is still an algebra.

Proof:

We compute the norm of (Fy 41, Foyy1) in L X[7, where X[, = H®*1(R) x H*HH(R). To

simplify the notation in this Section 3.2, we take & := a7} ;.
Remark 7 By assumption, we have (, € HY%'. But, if k <1

a+1=s+(m—1I0)max(\ 1) —max(\ 1) +1
< s+ (m—k)max(\ 1), because k <I,

. m
=y,

then ¢, € H C H%L, So |C|ga+1 < oo . The same for the existence of |(

Ha+X and ’qu,i’H&H.

* For F 41, we use (2.1). We get:

Ik
|Frin|pems = [A*Finlrere S e [ZZEk_i|<k|L?°H5‘“|“l+1—i|L?°H°"‘“ T |<5|L?°H&“}

k=1 i=1
Ik
I+1 k—i
k=1 i=1
e For Iy .1, we use (2.1). We get:
1k
N . i
‘F27l+1|L?oHd+l = ‘Aa+1F2,l+l|Lt°°L% 5 € +1. |:Z Z € l‘uk|L?°Hd+1 ’Ul+1—i’L§0Hd+2]
k=1 i=1
1k
I+1 k—i
5 € + . |:Z Z € Z|uk|L?0Hazl+1 |ul+1_i|Lt°°Hamlfi+1] .
k=1 i=1
We conclude that
l .
(141, Fop41) = o(€) in  LX%,.

The function V1, € X[}, C X7, satisfies (3.23). We have the following Lemma:

Lemma 3.3 For (Fy 41, Fb41) € L X[, we have

|W+1‘L?0Xm2 S CY| (Fl,l+17 F2,l+1) ‘L?oxlrzlrQ'
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Proof:
We apply the operator A% to (3.23); and (3.23),, then multiply these two equations by A%p and A%q
respectively. We integrate this new system with respect to  and we sum the two equations. We find

&(Ipﬁ{& + |q|§{&+1) + e(A%ga[p], A%p) 2
—(A%(pq)s, A%p)r2 — (A%(qs), A%Q) 12
l
> ¢ ((A°(Gia)a A%P)12 + (A (wip)ay A%P)s2 + (A% (i) A%) 2
( & Fypn, A P)L2 +(A Fopp1, A” Q)
Tj

- Z N (3.25)
j=1

where the 7; are the j — ¢/ monomial up to these numbers in the equation.
In [9], the authors prove that

(Adg)\[p]aAdp)LQ > |p:p|12qa71+x/2 > 0.

We now turn to estimating the different terms of (3.25). In the following, we will do the same calcula-
tions that we did in the proof of the Energy estimate (3.6):

Estimate of 7;: we do the same estimate as o5:

& & )
1l = [(A%(pa)a, A®p) 2| S 5lalmass Pl (3.26)
Estimate of 7,: we use here the Cauchy-Schwarz inequality. We get

172] = [(A%(qqa), AQ) 12| < |q|nee|q|}asr- (3.27)

Estimate of 73: by the same estimate as for og 1, we get
!
73] = 1> € (A (Giq)es A%P) 12| < Z ICial e p] g
=0
< Z €Gilrras]qlras |l e
i=0

l
<> €6
=0

Estimate of 74: we do the same step as for 7;. We get

e (3.28)

l l
5 ,
74| = | E e (A*(uip)w, A%P)12| S = E €'[ui| o |plFa
=0

=0
l

5 )
<5 €] o |plFa- (3.29)

=0

13



Estimate of 75: we do the same step as for 75. We have

! !
€' (A*(uiq)z, A%q) 2| < Zei|uiq|Ha+1|q|H&
=0 i=0
!
< ZQ’W‘HOYH‘C]@]&H
=0
!
<>l yar lqlhan. (3.30)
i=0

75| = |

Estimate of 75: we use here the Cauchy-Schwarz inequality. We get
76| = [(A"Frosa, A%) 2| < | Pl malplme. (3.31)
Estimate of 77: we use the Cauchy-Schwarz inequality. We get

|T7| = |(AdFQ’l+1,Adq>L2| S |F2,l+1‘H5‘+1|Q|H5‘+1- (332)

Now, we put the estimates (3.26), (3.27), (3.28), (3.29), (3.30), (3.31) and (3.32) in (3.25). We get

825(’17‘?1& + ’qg{&H) + dpx@&—ux/z S [‘p’H&‘Q|H&+1 + ’(J’LgO‘QIHdH

I I
+ D €Gl gerlalaas + Y €l gari|pla
i=0 i=0
!
+ Zel|ui|HQ§"+1|Q|H&+1

=0

+ |F1,l+1|H5‘ + |F2,Z+I|Hd+1] (’p|H& —|— ’CI|H&+1)-
Therefore, we get
- 2 N
Oy (EQ(P, Q)> N (|F1,l+1|Hd + ’Fz,l+1|H&+1) |E%(p, q)
L _ 2
o [lalass + lalzze + D0 € (Gl orr + el gorr )| (B (,0))
i=0
To simplify the notation, we take

!
[(t) := |qlga+ +|q|re + Zenginp + ]ui|Ha;n+1).

i=0
e If E%(p,q) = 0, then p = ¢ = 0 and this completes the proof of Lemma 3.3 .
o If E%(p, q) > 0, then we divide by E%(p, q). We get

HE(p,q) STH)E(p,q) + <|F1,l+1|H& + |F2,z+1|H&+1)~

14



Then, we have

t

e+ |F2J+1|Ha+1>exp(— /0 TF(s)ds)dT] exp( /0 I'(s)ds)

t
E%p,q) S [/ <|F1,z+1
’ t T t
(T . / exp(— / [ (s)ds)dr | exp / I'(s)ds).
0 0 0

Therefore,
Vinilizx, S (IFsliens + | Pop | ).

So, we completed the proof of Lemma 3.3.
O

At this stage, we proved the existence of m vectors (¢, 1;);=1,...n, in Theorem 3.2. Then, we proved
that the rest of the asymptotic expansion Vi, is o(€') in Lemmas 3.2 and 3.3. Now, we will use all
these results to complete the proof of Theorem 3.1.

Proof of Theorem 3.1: By definition (3.20) of V,,,, we deduce

Ue=U+Y U+ Vi

=1

Applying Lemma 3.2 to [ = m + 1, gives us

(Fimt1, Fama1) = o(e™) in LEX7o(R).
Using Lemma 3.3, we get

|Vm+1|L;>oxg+2 SJ (F1,l+1, F2,l+1) ‘L?OXS?H = O(Em)'

Therefore, the solution U, to the Cauchy problem associated with (1.2) has, in H*(R) x H*™(R), an
asymptotic expansion up to order m,

U.=U+ Z U, + o(e™),
=1

and the proof is complete.

4 Numerical simulations

Below, we give the numerical justifications and results that transpose in numerics our theoretical
Theorem 3.1. In the first part, we define the numerical scheme and we verify its convergence to the
expected solution. In the second part, we verify numerically the result of [9] that the solution of the
regularized Boussinesq system (1.2) tends to the solution of the Boussinesq system (1.1) when ¢ tends to
zero. Then in the third, we check numerically the existence of an asymptotic expansion of the solution
(Ce, ue) of the system (1.2) with respect to € up to the order 2 as stated in our general Theorem 3.1 in
the general case m.

15



4.1 Numerical scheme

We start with the discretization in time and space for the system (1.2) :
The time discretization
We use a Sanz-Serna scheme for which dt is the time step. The system (1.2) is discretized in time in:

T (M g, (ST [

(1= 0, g (ST L, (VY

4.1)

The space discretization
To simplify the notation, £ denotes the value of % We apply the Fourier transform in space to the
system (4.1). We get

(G = (1= SLelb) & — Sk di (i + i)
——MdLF(’”1+C m1+uﬂﬂ(1+lﬁqmﬂ‘ﬂ 4.2)
it = [(1 R — % ik dt.(Cr 1 4 Cr) — gm dt. ]—"(( g u")Q)} (1+ k)

This scheme is implicit, so we will apply a fixed point method. To that end, we use the standard Picard
iterate to solve the fixed point at each step. The system (4.2) can be written as :

N ) An—&-l, An7 an—l—l7 an 7
¢ ) e 1{ 1 ) 4.3)
ﬁ'n+ - 62(Cn+ 7Cn7ﬁn+ 7ﬁn)7
where ©; and O, are the right hand side of System (4.2).
We solve this system by the following algorithm:
Algorithm : Picard iterate
W=C=u",m=0
While ||©,(6,™, (", 6™, a™) — 07| > 0 & ||Oa(v,™, (", 6™, a™)) — 02| > 6 do
e ACENGRLN
. 4.4)
Am—‘,—l @2( ’ Cn) ?fgm, ﬂn)
m=m-+1
end While

(" = and "t = o

Here 6 > 0 is a small fixed parameter. We choose § = 107!3. We will use this algorithm for the whole
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article.

Stability of the Picard iterate:

One may wonder whether the substep of Picard fixed point, which relies on a false time remains stable.
To that end, we follow what is done in [16]. In this article, the authors use the classical Fourier method
for ensuring stability. This leads to a growth coeflicient which can be made smaller than 1 in case of
sufficiently small d¢. This is a CFL like condition. Below we compose the computation by [16] to our
system of equations. This enables use to state the following Theorem:

Theorem 4.1 Picard’s fixed point described in (4.4) contains a time step derived from the Sanz-Serna
algorithm (4.2). If we want the growth function to be less than one, it is sufficient that the time step to
be such that:

dx

dt < :
T(|¢" Lo + [un| L)

to ensure the stability of the Picard iterate.

Proof :
We can write Sanz-Serna’s Scheme (4.2) as:
ik dt
R . —]:< n+1 ny(, n+l n )
. G\ | T zeamEp (T T )
A o1 | =B L]~ T dt , 4.5)
Uy ), v ]_-<(un+1 I un)2>
8(1+ k?)
where
ikdt 2 — edt|k* —ikdt
2 + edt|k|} | 24 edt|k]r 2+ edt|k]}
A= ikat ) and - B0 (40
571 L 12\ _ 1
2(1 + k2) 2(1 + k2)
Moreover, we have b s
k=dt
det(A) =1+ > 0.

4(1 4 k2)(1 + 0.5edt|k|*)
Then, the matrix A is invertible for all dt¢.

Now, we use the Picard iterate. We get

1
R . . F( n+1 n n+1 ny _ (,m n m n )
CTH_I_U?H—I Zl{'dt 2+€dt|k|>‘ (C +< )(U +u ) (Ul +< )(,02 +u )
A ,&nJrl - TA}erl T 2 1 n+1 n\2 m n\2
2 m?((u +U) —(’02 —l—u))
. 4.7)
A linearization, near (¢", u"), of the nonlinear term leads to the approximation
1 .
Pntl  amel , T B
"= 0] ik dt | 2+ edt|k|?
Al 1 am | T ’ (4.8)
T 2 1 B
A1+k2) 7
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where,
By = Fu(¢™ — o) + "(u™ —0p))  and By = F(u(u" — o). (4.9)

Now, we multiply (4.8) by A~1. We get

1 B tkdt B
<<—n+1 _ @{ﬂ—l—l) o dkdt | 2+ edt]k| YA+ k)2 + edt]k])) 7 (4.10)
an+l  amA4l | T —ikdt N 1 5 .
a 0y 2det(A) ! Bi+——— B

2(1 4 k2)(2 + edt|k|*) 41+ k2)
By the Parseval’s formula, we get

|k| dt [4(1 + k?) + 3|k|dt + 2 + edt |k

n+l _ ,m+l ntl _ m+l) <
¢ = o e o U = e < 4(1+ k)2 + edt[kY)

(IBilez + [Balr2).
By (4.9), we have
|Bilrz < u[reo] " = 0|12 + oo [T — 0|2 and [ Balrz < [u”[pe|ut — 032
Then, we get
[ = o e+ [ = g e < F(R)(ICT = oo 4 [T — 012,

where

_|k| At T4A(1 + E?) + 3|k|dt + 2 + edt| k|
2 4(1 + k2)(2 + edt|k]M)
< [R] dt([¢" | o 4 [u"[oe),

F(k) (16" [ + [u™[ L)

but we have |k| < 7/dz, then

7 dt
F(R) < 216" ).

Therefore, F'(k) < 1 if

dz

dt < ,
(¢ oo + |u™] o)

and the proof is complete.

Validating the program of this algorithm
To simplify the notation, let T be the nonlinear partial differential operator defined by the system (1.2),
ie.

(1.2) = T (¢, ue) = (0,0). (4.11)

To verify the algorithm, we study the system :
T(Cea ue) = T(Cexacta U'exact)y (412)
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where
Cexact (T, 1) = sin(t) cos(2mx /L) and Uezact (T, 1) = cos(t) sin(2mz/L).

We use these parameters: ¢ = 0, A = 1, N, = 1024 on the interval [—L/2, L/2] with L = 47 and
T'tina = 2. We compute the errors

1
ERRL2 = \/|C€ - Cezact|%2 + |U'e - uexact|%2 and E}%-RLOo = 5(|CE_Ce:vact|oo+|ue_uexact|oo)~

The results presented here have been obtained using Matlab software and the FFT matlab’s function.
We use the Sanz-Serna scheme and the standard Picard iterate which are defined in (4.2) and (4.4) to
compute the solution of (4.12). Then we compute the errors.

The results can be seen in Table 1 and Figure 1.

-4
dt | ERR,: | ERRp~ °
___A
0.01 2e — 5 6.07¢ — 6 ok o
A o]
0.0075 | 1.12e — 5 | 3.4e —6 /f"'
g 108 F e *
0.005 be — 6 1.52e — 6 w .
& il
0.0025 | 1.24e — 6 | 3.78¢ — 7 o B
20
2 ..-----/* —+— ERRinf
0.001 2e — 7 6e — 8 .’/.»-'/ B ERR2
10-;5 ,
0.0005 | H5e —8 1.5e — 8 103 ; 1072
t
Table 1 Figure 1: Variations of errors with respect to e

We conclude that the solution ((, u.) of the system (1.2) tends to the exact solution (Ceract, Uezact)
when dt tends to zero. So we can conclude that our numerial algorithm does what we claim it does.

4.2 Convergence of the regularized solution to the non-regularized one

We still use, below, the Sanz-Serna scheme and the standard Picard iterate which are defined in (4.2)
and (4.4). Simulations are made for A = 1, starting from the initial height (;, = 0 and the initial velocity
up = cos(2mx/L) on the interval [—L/2, L/2] with L = 4, discretized in N, = 1024 points. The
time step is dt = 5.107° until time Ty = 2.

To verify the convergence of the solution ((, u.) of the regularized Boussinesq system (1.2) to the
solution ({, u) of Boussinesq system (1.1). We compute

BRR, = fli— ¢ 55 = (16 = Clao + e — ulo)

with respect to e. We take here s = 1. We show the results in Table 2 and Figure 2 :

Be F e — ulin and
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10!
€ 0§ ERR,
¥
107 | 2.065e—2 | 1.2059 w
*
1071° | 6.75e—3 | 3.823e—1 1071 il
1072 | 2.133¢—3 | 1.21e—1 . 1
‘ID'2£' g =
10725 | 6.899e—4 | 3.823¢—2 L
1078 b - =
10727 | 3.826e—4 | 2.147e—2 B A ERRs
¥ —+—deltat
107 :
1073 | 2.152e—4 | 1.214e—2 1073 102 10"
Epsilon
Table 2 Figure 2: Variations of errors with respect to e

In these results we see that the errors tend to zero when e tend to zero. So, we verify numerically the
result of [9] that the solution of the regularized Boussinesq system (1.2) tends to the solution of the
Boussinesq system (1.1) when € tends to zero.

4.3 Existence of an asymptotic expansion

In the theoretical part, we proved the existence of an asymptotic expansion of the solution of the
regularized system (1.2) for m fixed. Now, we will verify this existence numerically for m = 2. We
must calculate the rate of the convergence which is studied above as ¢ tends to 0.

For a,b € R, we define the operator ¢ by

n

®(a,0) = Y _ (log,o(ERRy) — a.logy(e;) — b)".

=1

(4.13)

To calculate the convergence rate, we minimise this operator. So we take

{aaq) —0 21 logyo(€:)(logio(ERR:) — a.logyg(€;) — b) =0,
— 5
0P =0 > (10g1o(ERR,) — a.logy(e;) — b) = 0.
=1

We take the result of the Table 2, we get

—30.0625a + 12.75b = —38.5847,
12.75a — 6b = 16.772.

Then

a = 0.992 and b= —0.688.
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We conclude that the solution ((, u.) tends at order 1 to the solution (¢, u) of the Boussinesq system
(1.1) when ¢ — 0. So we numerically verified that:

(Cer ue) = (G, u) + o(1).

Then we can assume an asymptotic expansion up to order 1:

(Cea us) = (C? u) + €<C17 ul) + 0(6)‘

and replace it in the system (1.2). This gives us the system satisfied by the coefficient ({3, uy) (it is the
same as the system (3.4) with m = 1):

(et )+ (Cam)a+ (G + 021C] = Zo(e),

(1) = (tr)ees + (G2 + (wm) = Zo(e)

(4.14)

To solve this system numerically, we drop the remaining term and we start from the initial height
¢1(0) = 0 and the initial velocity u;(0) = 0. We apply the Fourier transform in space and the
Sanz-Serna scheme in time. We obtain:

( ~n+1 ~n ~n 1 n " 4
+ _ glk N —Zk‘dt <U1k +u1k> — Zlk‘dtf((c +1 —|—C )( +1 +U1>>
B Zz’kdtf(( P T )( " “n)) B _dt PG + ) (4.15)
e s b (G o
2 n+1 n+1 n
\ 42kdt.}"(( +uf) (W +u )>

We use the Picard iterate (4.4). We compute the error 65 = %(|u6 — U — €Ui|oo + ¢ — ¢ — €.(1]00)
according to e. We get the results in Table 3 and Figure 3.

10_1 8'976_4 -10.2;_’53 _“_“-““_-__“j'&
P
_________*___________
1077 | 9.295e—5 .
atJ ‘104 | |
L

1072 | 9.381e—6

10725 | 9.409e—7

108

A ERRs
10—2.75 2977e—T b —+— deltat
’ —-&-—delta2

108 '

1073 | 9.418¢—8 107 102 10
Epsilon

Table 3 Figure 3: Variations of errors with respect to e
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Now, we use the operator (4.13) to compute the convergence rate of 65. We use the results of the Table

3 and we get
a=1.991 and b= —1.05.

So, the error 45 tends at order 2 to zero when e tends to 0. So we numerically verified the case m =1
in Theorem 3.1. Then we can assume an asymptotic expansion up to order 2:

(Cerue) = (G, u) + €(Grywr) + €2(Cay ua) + 0(€?).

We replace this value of ((,, u.) in the system (1.2). We obtain the system satisfied by the coefficient
(Ca, uz) (it is the same as the system (3.4) with m = 2):

(G2)i + (u2)e + (Cuz)e + (Crur)e + (Ctt)z + ga[G1] = 6120(62),

1

(u2)t — (U2)tza + ((2)e + (wt2)y + ur.(ur), = 2 —0(e 2)

(4.16)

We drop the remaining term and we start from the initial height (3(0) = 0 and the initial velocity
u2(0) = 0. To solve this system numerically, we apply the Fourier transform in space and we use the
Sanz-Serna scheme for the discretisation in time. We get

( ~n+1 ~n

1 T S n 1 : n n n
C2k — CQk - §'lkdt (u2k+1 + u2]€) - Zdet.F((C +1 + C )( +1 + U/2))
1
— Zikdt.f(( P (w4 u1)>
1 1 ~n ~n
| — Gt (G @) ) - S PG D), @.17)

—~n n+1 ~n
(1+ k)™ = (1+ k) aay — —det <C2k Czk:)

- iikdt.f((u”“ +um)(uptt + u2)) - éi’fdt-f« i) )

\

We compute the error

5;, (|U€—U—€U1 _E u2|oo+ |C6 C_E-Cl _62-C2|oo>7

[\3|,_.

according to €. So, by using the Picard iterate (4.4), we get the results in Table 4 and Figure 4:
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102
€; (55
10° e TR i
101! 3.925e—5 s B G B
0 R T aaa
~15 o il
10 1.278e—6 e
o 107 a4
102 | 4.0807e—8 S ; e
- _+.l .
10725 1.294e—9 100 P =
e ’4‘,"’ &E‘:Eﬁ
10727 | 2.3e—10 s 4 i
— + —delta3
10°12 : 5 ;
10_3 408276—11 10 10° 10°
Epsilon
Table 4 Figure 4: Variations of errors with respect to e

We use the operator (4.13) to compute the convergence rate of 05, and we use the results of the
Table 4. We get
b= —1.409.

a = 2.992 and

Then, the convergence rate of 45 is equal to 3 (see Figure 4).
Therefore, we justified numerically that the solution (., u.) to the Cauchy problem associated with
(1.2) has, in H*(R) x H*"}(R), an asymptotic expansion up to order 2,

2

(Cﬂ ue) = (Cv U) + Z 6i<€i7 ul) + 0(62)'

i=1

5 Conclusion

We have shown theoretically, in Theorem 3.1, that the solution (., u.) to the regularized Boussinesq
system (1.2) has an asymptotic expansion, at a given order m, in H*(R) x H*"!(R) with respect to the
regularizing parameter e.

Then, by using the Sanz-Serna scheme, the standard Picard iterate and FFT procedure, we checked
numerically the existence of this asymptotic expansion up to order 2.
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