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ARTICLE INFO ABSTRACT
Keywords: Ferromagnetic materials show magnetic structures with domains and walls. Thanks to decades of research
Polarizable media regarding the origin and behaviour of magnetic domains, we now possess a general foundation which has been

Polarized domains
Walls

Domains structure
Ferromagnetic materials
Ferroelectric materials

verified experimentally in single crystals and powders. The governing equations at the microscopic scale were
built in the 1960 s when Brown published calculations of the magnetic moments distribution inside domain
walls. This micromagnetic theory uses the so called LLG ‘Landau-Lifshitz-Gilbert’ equation and can include the
damping effects. The LLG equation requires a coupling to the field derived from energy contributions: exchange,

Multiferroic materials anisotropy, magnetostriction, stray-field ... and the anti-eddy field. At the macroscopic scale, such behaviours are
Micro-magnetism lumped in a homogenized magnetization law for the electromagnetic field equations inside larger polycrystals.
‘Landau-Lifshitz-Gilbert’ equation Therefore, the inhomogeneous magnetic material nature is always ignored. The Tensor Magnetic Phase Theory
Homogenization (TMPT) describes the magnetic structure and the magnetization thanks to a tensor variable at a mesoscopic scale.
Lagrangian The material structuring is then explained thanks to an energy balance which will be discussed.

Euler-Lagrange equations

Action minimization principle
Neether theorem

Electromagnetism at low frequencies
Maxwell equations

This paper presents the results of investigations on entangled relationships between the micromagnetic theory,
the electromagnetic theory and what is called the Tensor Magnetic Phase Theory (TMPT), which statistically
describes the magnetic structures of soft ferromagnetic materials. It examines a connection between the TMPT
and the LLG by deriving the main energy terms. Then, the TMPT must stay compatible and coupled to the

Poynting theorem Maxwell equations at low frequencies with volume and surface connections. Additionally, this paper investigates
Tensor Magnetic Phase Theory the way to derive the domains structuring and magnetization laws through the Lagrange principle and the
CPT symmetries corresponding conservation laws with invariants linked to the Neether theorem. Finally, the TMPT must be
Invariance principle discussed while checking its coherence and formulation when changing the reference frame.

GLOSSARY (main symbols used in this paper)

(continued)
Symbols Descriptions
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(continued)
Symbols Descriptions
Zand F electrical excitation field at the nano and

macroscale [V.m™']
badB magnetic induction or flux density at the
nano and macroscale [T]

mand M magnetization at the nano and macroscale
am’]

Vand J magnetic polarization at the nano and
macroscale [T]

[ Az] tensor magnetic phase variable [m?]

s elementary magnetic flux vector associated
to [A?] [Wb]

N dielectric permittivity of vacuum or air [F.m’
'] (eo = 8.85.10" F.m™)

Ho magnetic permeability of vacuum or air [H.
m] (4o = 47107 Hm'")

c local electrical conductivity [S. ml]

Iz local magnetic reluctivity at the macroscopic
scale [m.H']

Tp macroscopic time delay of the magnetic flux
density B [s]

M, saturation magnetization [A.m']

Js saturation magnetic polarization [T] (J; =
HoMs)

Aex magnetic exchange constant at the
nanoscopic scale [J.m.A%]

Yw integral of nanoscopic walls energy,
exchange and anisotropy [J.m?]

Kan Magneto-crystalline anisotropy constant at
the nanoscopic scale [J.m>]

}’ﬂ" macroscopic magnetic anisotropy vector [J.
m'3], Kan anisotropy constant at the
macroscopic scale [J.m>]

Introduction

Ferromagnetic materials show magnetic structures with domains and
walls [1-7]. Thanks to decades of research regarding the origin and
behaviour of magnetic domains, we now possess a general foundation
which has been verified experimentally in single crystals and powders
[8-15]. The governing equations at the microscopic scale were built in
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(continued)

Symbols Descriptions

[ tensor of magnetostriction coefficients (see
appendix 4) [n.u.]

[s] external stress tensor [Pa]

A100 magnetostriction coefficient of a cubic
crystal along [100] [n.u.]

AM11 magnetostriction coefficient of a cubic
crystal along [111] [n.u.]

Cox magnetic exchange coefficient for the TMPT
[Mmu.]

Can magnetic anisotropy coefficient for the
TMPT [n.u.]

Cys stress induced magneto-strictive anisotropy
coefficient for the TMPT [n.u.]

Ce self magneto-striction coefficient for the
TMPT [n.u.]

Cem demagnetizing coefficient [n.u.]

T mesoscopic time delay of the magnetic
structuring into domains [s]

¢, 7 andL Lagrangian energy densities for the micro-
magnetism, TMPT and electromagnetism [J.
m?]

¢ 7 and T kinetic energy densities for the micro-
magnetism, TMPT and electromagnetism [J.
m?]

u W and U potential energy densities for the micro-
magnetism, TMPT and electromagnetism [J.
m?]

NOTATIONS

A symbol ¢ with thin letters denotes the

scalar ¢, ? denotes a 3D vector and [¢]
denotes a 3D tensor.

the 1960s when Brown published calculations of the magnetic moments’
distribution inside domain walls [19-22]. This micromagnetic theory
uses the so called “Landau-Lifshitz-Gilbert” equation (LLG) and can
include the damping effects [23]. The LLG equation requires a coupling
to the field derived from energy contributions: exchange, anisotropy,
magnetostriction, stray-field ... and the anti-eddy field. At the macro-
scopic scale, such behaviours are lumped in a homogenized

b e
[010]| [¥0 0]

Fig. 1. representation of usual shapes and orientations of magnetic domains in the magnetic structure of classical electrical steels made of iron and silicon SiFe (GOES

and NGOES) from references [3,28].
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Dilemmas: h depends on distribution of 7 at very long distance
Distribution of 72 known only in a small area

{Wﬁ =j= GE}
VAE = —0,B
= VAVAH + Gatl_j =0

Microscopic magnetic structures with domains are ignored

Magnetization reversal mechanisms with walls are ignored

Fig. 2. State of the Art on the description of electromagnetic properties at different space and frequency scales inside soft magnetic materials with magnetic moments

and a domains’ structure.

magnetization law for the electromagnetic field equations inside larger
polycrystals [16-18,24-27]. Therefore, the inhomogeneous magnetic
material nature is always ignored. The Tensor Magnetic Phase Theory
(TMPT) describes the magnetic structure and the magnetization thanks
to a tensor variable at a mesoscopic scale [28]. The material structuring
is then explained owing to an energy balance which will be discussed.
This work examines a connection between the TMPT and the LLG by
deriving the main energy terms. Then, the TMPT must stay compatible
and coupled to the Maxwell equations with volume and surface con-
nections [28-30,40]. Additionally, this paper investigates the way to
derive the domains structuring and magnetization laws through the
Lagrange principle and the corresponding conservation laws with in-
variants linked to the Noether theorem [31,32]. Finally, the TMPT must
be discussed while checking its coherence and formulation when
changing the reference frame [33-39]. The main reason for this research
is the heterogeneity of polarized materials with subdivisions called do-
mains separated by walls emphasized by several physicists in the 20th
century [1-7]. Investigations of the present work have been initiated in
[28] by looking first at the usual soft magnetic materials such as Non
Grain Oriented Electrical Steels (NGOES) and Grain Oriented Electrical
Steels (GOES). The Fig. 1 gives a schematic representation of several
kinds of magnetic structures including usual shapes of polarized do-
mains inspired from true images that can be found in the literature [3].
Additionally, this kind of considerations may also be applied to other
polarizations in ferroelectric and multiferroic materials (see § 6.2).

In the following, the context, brief state of the art and dilemma are
introduced. The core of the work is dedicated first to the introduction,
justification and description of the so called Tensor Magnetic Phase
Theory (or in brief TMPT), then to its relationship or coupling with the
classical electromagnetism theory, until the derivation of main gov-
erning equations. Before giving some realistic test cases and a short
discussion on the results, some symmetry and invariance properties are
looked at.

From local and deterministic to “Holistic” paradigm

This work examines a connection between the TMPT and the LLG by
deriving the main energy terms.

State of the art and dilemma

The literature in the field is totally informative at either very small
dimensions (typically the nanoscale x) or quite larger dimensions (typically
the macroscale X) (see Fig. 2). The physical description and the corre-
sponding mathematical tools used to study those kinds of materials depend
on the observation scale. Let’s examine the phenomenon at the different
space scales, to be often associated to a time or frequency scale (see Fig. 2).

At atomic scale, the origin and mutual interactions of elementary
magnetic moments are described through a group of atoms in a lattice cell
(dQqrice) or a molecule pattern. The properties such as the saturation
magnetization, the exchange constant between moments or the anisotropy
constant are defined [4-6]. The magnetic moments are carried by electrons
(free or bound, following the models given in [4-7]) and are due to orbital
moments or spins and to their interactions (spin-orbit coupling [7]).

At the nanoscopic scale, matter can be viewed as elementary volumes
with nanoscopic dimensions, containing several magnetic moments,
that can adopt many different configurations [8-10]. To simplify, the
spatial distribution of moments can be either uniform (domains) or
rotational (walls, vortex etc.).

At the microscopic scale, we start observing at distance the charac-
teristic magnetic structure of a material. The latter depends on several
microscopic physical properties (metallography, anisotropy, exchange
etc.) and on the local geometrical discontinuities (interfaces, boundaries
etc.). Magnetic structures are arrangements of domains and walls or
other magnetic objects (different types of domains and vortices)
[11-15]. This comes from a compromise found which minimizes the
sum of micromagnetic energies including the magneto-crystalline
anisotropy, magnetic exchange, demagnetizing stray field energy and
sometimes the magnetostriction.

At the mesoscopic scale, statistical averaging of several microscopic
domains and walls is possible as long as the parts contain enough
metallographic grains. At this scale, statistical tools such as the magnetic
phase theory [8,16] can be used. The small details inside the magnetic
structure are neglected and lumped in mean behavioural laws, loss
models [17,18], included in the electromagnetic field equations [27].

The last observation scale is the macroscopic scale, the one of the
considered entire part or specimen, for which the macroscopic behaviour,
with the hysteresis loops and losses are observed and measured [17].
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At a deeper level, at a nanoscale, micro-magnetism and electro-
magnetism are usually used. Micro-magnetic problems are governed by
the Landau-Lifschitz-Gilbert equation (LLG) [19-22] associated to the
Maxwell equations with electromagnetic fields defined at the nano-
scopic or/and microscopic scale(s). Several authors at the beginning of
the 20th century introduced and developed the Landau-Lifshitz-Gilbert
equation with conservative and dissipative contributions [23]. It de-

scribes the quasi-static and dynamical behaviour of a single spin g,
magnetic moment d—;f = (gug/ h)z or microscopic magnetization vector
7 = (Ze/dQaice) At (|71i] = M;) within a local effective magnetic field
h‘ef} (1) generated by all neighbours, the environment and the magnetic

N
field source h. The latter total effective magnetic field is usually written
as the sum of several magnetic contributions (the quasi-static contri-

. ) T . T
butions giving hy .: magnetic exchange between atoms h,,, magneto-
— —
crystalline anisotropy hg,, stress induced magnetic anisotropy hys, self
— —
magnetostriction h;, and stray demagnetizing field hg, plus the dy-

namic contribution, i.e. the anti-eddy field h—e,;) that are at the origin of
the micro-magnetism [19-23]:

Tt = B + Py + gn + Pis + Py + M + Mo = Mgy + hea (1a)
— —
P — o dm__ dm (1b)

g ae - Tar

The time delay constant 7 = ay"!M;! quantifies the average anti-eddy
field damping throughout the sample [23]. Then the (LLG) Eq. (2)
tells us that the effective field exerts a magnetic torque:

ldﬁi_> — e — . a dm —
;Ei mA (heff> =mA (hqs,eff> —mA (}’Ms E)fzﬁo (2)

The first term with time derivation is responsible for the Larmor pre-
cession [25,26] at a frequency called the Larmor frequency given by f; =
yB/(2%) with y = 28.10'2>1. As long as we focus on time varying fields
with low frequencies (f/f;)<1, this first term tends towards zero and
can be neglected. This Eq. (2) is at the basis of the micromagnetic
behaviour within magnetic domains [19] and walls [22].

Part of the dilemma at the nano or microscale, is that the local

magnetic field ﬁ)eff, is needed and depends on the space and time dis-
tribution of 71 at very long distance (Maxwell) (probably longer than the
nanoscale at purpose). As a consequence, the micromagnetic problem
cannot be solved without implementing the resolution of the micro-
scopic Maxwell equation to find the electromagnetic fields within the
complex and changeable magnetic structure. Unfortunately, the distri-

- M o, N, [P

] ([ g, M| Pt + [T, [, | )
N fﬂa dual

fg“ dual [—Wuux ]

(Tua] =

bution of 717 can be known only in small areas, insufficient to render the
interactions at long distance and that is why, the micromagnetic prob-
lems with a solution are limited to very small nano-objects, like a wall or
a vortex, or nano-crystals. At the intermediate macroscopic scales and
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with low frequencies (f < GHz), homogenized material’s behavioural
laws and electromagnetic fields in matter are usually used through the
Maxwell equations without wave propagation [24]. Then the micro-
scopic magnetic structure with domains and walls is ignored and
undescribed. Therefore, this paper aims to question Physics and de-
mands a congruent solution to this problem.

Introduction of tensor magnetic phases at a mesoscopic scale

To make sure we ask the question correctly and that we will have a
useful answer; let us introduce a phenomenological and “Holistic” way
[48] to define the magnetization in such a polarized material at a
mesoscopic scale () (quite larger than the crystal size > nm), between
the nanoscopic and macroscopic scales [28]. To do so, we apply a vol-
ume integral averaging procedure (.) (3, 4), like in references
[27,29,30], to express the magnetization M= (mi) or polarization T =
/AOM = (J1,J2,J3)" = (7)) that results from couples of domains a with
total volume Q, (Q, = Qu + Qg ), magnetically saturated in different
and contradictory directions 1| (Mg = +M;ly; and My = —Ml,; or
m = I‘om = iJsu—,,f) and with two different volumes Q,; and Q,,
and effective cross sections in the plane (i5, U3) perpendicular to the
domains o magnetization direction +1,;.

;J_)a(///gud%) = ;(///%Tﬂ’d%f///%md%) 3)

Let’s use the transfer matrix T, from the reference frame (x;", X2, x3°)

to the domains frame (Uyy , Ugs , Ugs) Such that (Ty); = Uy  Xj; and the

i

Jacobian matrix [Jx,| such that (Ju,); = Ou,Xi.
Ji
dslla ) o | Jy

(Tl ] 13 ~(ff]. Tuditn
(, i
- /// o [T o] [V, [P ) @ | T

Js

d’u,

4

We propose to introduce an original tensor variable called [AZ] which is
homogeneous to a squared length to be interpreted as the effective cross
section of couples of domains relatively to one direction and depending on
its polarization direction (5). The matrix inverse of this tensor will be
called [V?] = [A?] ! and when divided by the effective length of domains
along its magnetization direction, its components can be interpreted as
the volume densities of walls in the main directions of space [28].

(] + A7) 5)

An elementary flux vector ¢ is also introduced (6) and depends on the
magnetic saturation M; or J; and the difference of effective cross sections
for the two opposite polarizations of neighbouring domains.
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(o 0 [, [ )

Lz(l dua 1

—
@ =

This holistic way considers the domains shapes and sizes with T = uoﬁ
the average of 7" = y,m (see appendix 3), called the magnetic polar-
isation (7), which equals the multiplication of the tensor [V?], able to
render the different magnetic phases for the domains with the elementary
magnetic flux vector @.

7("= t) = HOM("ﬂ t) = ”0<ﬁ>(xv t)>, = [Vz("ﬂ t) } a}("'ﬂ t) 7)

Partial differential properties of [V2] and ¢ are as follow:
oJ; oM;

Vi ==y
v 6(/1]- 0 0(/1j

oJ; oM;
and ¢; = a—vl%: ,an—Vé (8

There is a connection with the magnetic phase volumes introduced
by Louis Néel, Landau & Lifschitz or Kittel during the 20th century
[11,18,21], but with neither any energy formulation nor clear state
variable proposed yet. Now we propose the question: What would be the
energy contributions and formulation leading to the governing equa-

tions of such a magnetic structure represented by [V2] or [A*] and @"?
Lagrangian energy densities
To do so, let’s build each energy contribution with the help of what

already exists at the nanoscale. The micromagnetic theory represented
by the Landau-Lifschitz-Gilbert equation (LLG), according to Gilbert

? —
=0V AT W e

<l

Wex = (wex) = (—Aex(T @ A(TT) )

himself, can be derived from a Lagrangian ~ [10,23,31] limited to minus
the internal potential energy ~ when the frequency is low (quite lower

than 1 GHz), which provides each field contribution (? = —ﬁﬁ(u)).
Each potential energy at the nanoscale is perfectly known as a function

of 7, involving material properties such as the exchange and anisotropy
constants and the saturation polarization.

(=l —ur — /4(f<<GHZ) (9)
w = ttex * twan + w)s + 1) + twqm (10)

Considering the magnetic structure with domains, it is possible to ex-
press equivalent energy contributions at a mesoscopic scale (11-13),

involving the new tensor variable [V?] (inverse of [AZD and the flux

vector @ through the magnetization big M rather than .

< =7 — W =~ — % (f<GHz) an
— — — — — —
W =Wt WU+ Wi+ Wi+ %an 12)

We propose then to separate the problem of finding [V?] from the

problem of finding ¢ by defining a vector energy density " rather than
a scalar energy density /, for which each component is obtained by
fixing the flux direction in the direction of this component only (14)
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1
[Tu(,x].Js. 1]|= ([Aﬂ — [/\ﬂ ) OJSOT ©)
1

(each energy component i is proportional to the derivative of scalar
energy as a function of the squared @ component i).

//(r, t) = <//(X7 t)>[ (13)
4
W= J? (%) 0 % (14

To do so, we need the microscopic magnetic walls energy density y,, [J.
m~2] and an anisotropy vector ?an = Kan Wan [J.m~%] (uni-axial case),
which re-establish the homogeneity. The factor J2(y,,/Ka)* contains
both the physical dimensions and the microscopic information related to
the microscopic exchange plus anisotropy energies inside the walls not
included elsewhere in the TMPT. Each vector potential energy, only
defined in [28], can then be derived with calculations detailed in the
appendix 3.

Magnetic exchange energy

The first energy contribution is the magnetic exchange one (15),
proportional to some extent to the squared magnetization rotational for
the nanoscale, and therefore proportional to the squared [VZ] rotational
for the TMPT (see appendix 2-3 and reference [28]) (notice that the
rotational of a tensor here remains a tensor, and the product used here
between two tensors gives a vector, see appendix 1)

Coc 2 ((F] x [V7]) 72 as)

The origin and equivalent formulations of the magnetic exchange can be
found in the appendix 2.

Magneto-Crystalline anisotropy

The second energy contribution is the magneto-crystalline anisot-
ropy (16), proportional for uni-axial cases to the squared sinus of angle
between m and the anisotropy axis U q,. This is translated for the TMPT
with the squared difference between [V?] and its contraction along the

anisotropy vector fan (appendix 3).

2

Wan = (wan) = <% (m A mn) ANUan| V> 7 an
™ T
Y4 E)an’<[vz]‘i>an)
= Ca | V] - | ————— 6)

Kﬂn

an '—>

Self Magneto-Striction energy

Similar techniques can lead to an equivalent expression of the self
magnetostriction energy ...involving the magnetostriction tensor [/12]
and the stiffness tensor [C] (see appendix 3 and appendix 4).
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Wie = () = <+2 M <[/12}[C]M>>

N ‘lé Clq}(/_g Ve (M v )

an

17

an

Stress induced magneto-striction anisotropy

Similar techniques can lead to an equivalent expression of the stress
induced magneto-striction anisotropy energy (17), involving the
magnetostriction tensor [1] and the stress tensor [s| (appendix 4).

3 [ o ] (m..[s].. [ ® m])>

Wi = <”45> = <_

2 M - m as)
=7 w=—5 CASI% \ae <7[ IL[S] v?] )

The operator .. is a kind of tensor product between two tensors which
stays a tensor (see Appendix 1).

Demagnetizing stray-field energy

The equivalent demagnetizing energy is minimized at the TMPT level
by superimposing a non-divergence condition on [A?] and [V?] tensors
(19-20):, from (5) (transfer matrices properties):

Vel[?]=0 19
VelA]=0 (20)

This non-divergence condition is closely related to an absence of volume
equivalent magnetic charges given by ¥ o J =0 inside the volume of the
material. However, any infringement of this principle due to a local
magnetization vector and tensor divergence (? o7 #0 and
Ve [V2] # 0) may generate a demagnetizing energy contribution
«—[V?] BV (? [V?] ). This term shall be balanced and compensated
by an opposite magnetic exchange contribution (e [V?] 3V (? V3] )
still in order to minimize the total energy. As a consequence and as
expected, the demagnetizing effects depend mainly on the magnetic
poles at the surface boundaries through a surface energy term (21)
involving the domains polarization components perpendicular to the
surface with normal direction 7.

-7 K4 — — T)z
7 dmoccdmy—g"( A [a2)A)") (1)

w

Eddy currents’ lost energy
Finally, we also have to consider a dissipation energy functional (22)
representing the energy losses due to eddy currents, proportional to the

VAH=VA([V]T) = Y A [V 7 +

————

4 -
U (1) (@ nBD) ™ Tk (

squared time derivative of [V?] that involves a time delay parameter 7 of
domains structuring, related to the walls’ mobility with the conductivity
and permeability inside the domains.

— 1 }/:, —
T oy 110, [V?] Fra, [ V7] 22)

an
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Entanglement between magnetic phases and electromagnetic
fields

Then, the TMPT must stay compatible to the Maxwell equations with
volume and surface connections.

Coupling between the TMPT and the Maxwell equations at borders

This tensor representation of a magnetic structure is perfectly
compatible with the classical electromagnetic fields and corresponding

Maxwell equations [24]. Independent of the medium, the flux density B
(23) can still be written as a function of the polarization J and the
magnetic field H. J can be written with [V?] and @ (7), considering
[V?] = [0] for non ferromagnetic materials. The magnetic field H (24

can still be considered as dependent on B through a reluctivity [v].

— - =

B =uH+J (23)
H=. (E’ + Tbaj’) (24)

The field diffusion can still be computed in air (25) and in the material
(26), providing that [V?] is known.

VAVAH=0 (25)
—_ = - — —
VAVAH+60,B=0 (26)

[V2] can be computed by the TMPT providing a coupling formulation
(27) with the fields at boundaries.

[constraint(ﬁ7 B, [Vz])] =10] 27)

The Poynting theorem and flux diffusion principle

Looking at the Hamiltonian of electromagnetic field (or the Poynting
theorem [24]),

, " ale .= 2 — —
7/:T+U:/ o |V AH] +HeoB )t (28)
we can notice at the first-order regarding the dynamic contributions
(\rbaﬂ«’ﬁ

closely related to the part of Hamiltonian that comes from the space
derivative of the reluctivity (for anisotropic properties (29)) and the

), that some of the TMPT energy contributions might be

tensor [V?] (for the exchange properties (29)) or its time derivative (for
the dissipation functional (30))

+[V?]V A (9) (29)

He0d,B ~ [V][V?].%0[V*].7 + [1|na [V?] %0, [V*].% (30)

R aetienie[V2] Sy v7]

The rest of the Hamiltonian allows to write the governing diffusion
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equation (31) for @.

5/ (M3 (o VAV A G+ 7 0 a[V3] 7 ) )de=0 &3
This suggests that solving the governing equations of the TMPT should
implicitly solve part of the Maxwell equations, the one that depends on the
Material heterogeneous structure, for which both the micromagnetic and
electromagnetic theories govern the mechanisms. The entanglement and
connection between the classical energy contributions of electromagnetic
fields and the TMPT Lagrangian also provide the relationship between the
intelligible physical properties like y,, and K,, and the so called magnetic
reluctivity [v] or like the time delays 7 and ;. Additionally, this paper in-
vestigates how to derive the domains structuring and magnetization laws
through the Lagrange principle [31] and the corresponding conservation
laws with invariants linked to the Neether theorem [32].

Derivation with the principle of least vectorial Action

Quasi-Static conservative formulation (Euler Lagrange equations)

The vectorial action .7 (32) of the TMPT and its components (33)
can be classically defined by the space and time integral of 7

7:////y([vz],dt[vz],t)dtd%

(32)
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I /// / Z; v2 L0 VE ¢ dtd3 (33)
Applying then the principle of stationary action (34), vectorial action
here, with no explicit time variation of the Lagrangian ?, it is possible
to derive, through the Euler Lagrange equations (tensor equation in this
case), the tensor governing equation for [Vz] (35) (similar to a Poisson-
like equation [31]).

—)
7 =0e567,=0

R
S (f<GHz) | — % =0
< (f<GHz) [A] }
T
(35)

. T
Ko (VK )
R - 2
Kan

B

Cex

() ()

3 (=) (EEm ) -
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Ugn =
K,
an

1 1: /1110—/1__0— /1,

Ay, o A :
L .

Kan (g) Thickness L= 0,5mm. C; . ~ C;  ~ 11(—(4/‘) A =200um

20=A2, Aprg=Ayz0=Ao
| V2o =Vi(z = +1/2)) 2: N;;y=2A Apy=A/2,

Ass -

‘I 4 I
J

1B
J

=1 00A >>
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Non-Grain-Oriented Material

- 1/3 =
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Fig. 3. FEM computation of the quasi-static TMPT equations and results obtained on [A] components within the cross section of electrical steel sheets with thickness ¢
and boundary conditions fixed (k = kan + % — Kis = (Can/Cex)* Kan/yw)* + Gy C /Cex)* (Kan/Yw)*(9N°C/4Kan) — (Cas/Cex)* (Kan/Yu)*(318/2Kan)).
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Fig. 3 shows one example of a result we can achieve by implementing
such governing equations with the Finite Element Method (FEM) to find
the magnetic structure from the point of view of tensor magnetic phases
in the cross section of an electrical steel sheet, either grain oriented or
non grain oriented. The figure gives the components of tensor [A], which

is defined by [A?] = [A]* = [V?] ', What is remarkable is that it seems
possible to overlook the gradients of domains types and sizes from the
surfaces (prioritizing closure domains) towards the volume (with
importance given to the main domains oriented as a function of the
anisotropy of the material). However this formulation still requires to
know the boundary conditions as previously mentioned and given in the
figure legend.

Dynamic dissipative formulation (Neether equations)

Still applying then the principle of stationary vectorial action, but

adding a possible time variation of 7 (decreasing due to dissipation)
and using the Neether equations (36) [32]; it is possible to derive,
through the Euler Lagrange Egs. (37), the tensor dynamic diffusion-like
Eq. (38) for [V?2].
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57 =0067;=0

5 P 5 36)
07 07 , dfoz; )\ 0. (
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< (av§ +016[V§> =0
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Fig. 4. FEM computation of the dynamic TMPT equations and results obtained on [A] components within the cross section of electrical steel sheets with thickness ¢,
boundary conditions fixed and magneto-harmonic approximations (sinusoidal waveforms at frequency f = 400 Hz) (some of GO figures come from J.W. Shilling and
J.R.L. Houze, Trans. On Mag., vol. MAG-10, o. 2, pp. 195, 1974 and M. Inamura, I[EEE Trans. Mag, vol. MAG-19, no. 1, 1983.).
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Using the same test case of the previous § (Fig. 3), we can compute the
dynamic Partial Differential Equations (PDE) with the Finite Element
Method (FEM) and find the magnetic structure from the point of view of
the tensor magnetic phases in the cross section of an electrical steel
sheet, either grain oriented or non-grain oriented. In Fig. 4, it seems
possible to overlook the additional gradients and delays of domains
types and sizes due to the anti eddy field that can prevent the surface
domains from moving, deforming and multiplying like the ones in the
volume. Finally, the TMPT must be discussed while checking its coher-
ence when considering reversal CPT symmetries [35] and invariance
necessity [33,34].

Invariance and symmetry analysis

According to H. Weyl [33], if nature was entirely describable by
laws, the whole phenomena would show total symmetry of universal
laws, like they are formulated in the theory of relativity [37]. The fact
that such symmetry is not apparent everywhere proves that contingency
is an essential characteristic of the world. A contraposition states that a
formulation that does not satisfy any invariance property cannot be a
natural law. Reciprocally, satisfying such conditions does not guarantee
any physical sense. According to E. Wigner then [34], The progression
from events to laws of nature and from laws of nature to symmetry or/
and invariance principles, is what to be meant by the hierarchy of our
knowledge of the world around us. So we should look at some important
symmetry and invariance properties, reasonably expected for any
physical science theory that has the ambition to describe part of nature
by laws.

Charge, parity and time reversal symmetry

The CPT symmetry property is a fundamental symmetry of physical
laws under the transformations, potentially simultaneous trans-
formations, of Charge conjugation (C: flip in the sign of a charge, a
dipole moment or a current), Parity transformation (P: flip in the sign of
one spatial coordinate. In three dimensions, it can also refer to the
simultaneous flip in the sign of all three spatial coordinates, i.e. a point
reflection) and Time reversal (T: flip in the sign of time). The CPT the-
orem [35] says that CPT symmetry should hold for all physical phe-
nomena, or more precisely, that any invariant theory formulation with a
Hermitian Hamiltonian must have CPT symmetry.

This theorem raises the question regarding which statement of the
theory, which formulation, must satisfy the CPT symmetry: the variables

[Az} and @ ((5) and (6)), the Lagrangian "7 or/and action .7 and
Hamiltonian /7" energy densities ((11-22) and (28-31)) or the Partial
Differential Equations ((35), (38), (31)).

Charge conjugation (C):
Let’s consider first the Charge conjugation which leads to magneti-

. — —Cc - — . .
zation reversal: J; = J;1 - —J; = J;—1. Following the definitions (5)
and (6), we deduce the following symmetry (39-40) for the variables:

[A2]S[A%] 39)
-7 (40)

As a consequence, the charge conjugation keeps invariant the formula-

tion of either the TMPT variable [Az} ,its Lagrangian "7 and Action 7,
the PDE given by (35) and (38), but also the MAXWELL Hamiltonian /7
or (31) and the corresponding diffusion equation for .

Parity reflection (P):
Let’s consider then the space reflection transformation which leads

to: ¥5—% and Vo —V. Following the definitions (5) and (6), we
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Table 1
CPT symmetry properties of the TMPT theory.

Tensor Magnetic Phase [A?] formulation Flux ¢ formulation

[A?] 7 = PDE 7 Va PDE
C © © @) © - © ©
P © © © © © © ©
T © © © 1) © @ @
cp © © © © - © ©
PT © © © %] © %] %]
CT © © © @ - @ %]
CPT © © © %] - %] %]

deduce the following symmetry (41-42) for the variables:
(A5 [A%] (41)
Ay “42)

Therefore, the space reflection keeps invariant the formulation of either

the TMPT variable [A?], its Lagrangian "7 and Action .7, the PDE
given by (31), (35) and (38), but also the MAXWELL Hamiltonian 7 or
(31) and the corresponding diffusion equation for ¢

Time reversal (T):
Let’s consider finally a time reversal which leads to: t5 —t and

6t—T> —0,. Following the definitions (5) and (6), we deduce the following
symmetry (43-44) for the variables:

[A%]5[A%] (43)
AN 44)

The time reversal keeps invariant the formulation of either the variable

[A?], its Lagrangian "7 and Action 7 , but also the PDE given by (35).
However, the MAXWELL Hamiltonian 7 or (31) and the diffusion-like
PDE given by (31) and (38) do not satisfy any T symmetry because of
its intrinsic irreversible character.

CPT symmetry properties of the TMPT theory are summed up in
Table 1.

Principle of invariance with respect to a change of reference frame

According to E. Wigner [33,34], it is not necessary to look deeper
into the situation to realize that laws of nature could not exist without
principles of invariance. If the correlations between events changed
from day to day, it would be different at different points of space and it
would be impossible to discover them. Thus, the invariance of the laws
of nature with respect to displacements in space and time are almost a
necessary prerequisite to discovering, or even cataloguing, the correla-
tions between events which are the laws of nature. The most famous
group of transformations that keeps invariant the laws of nature is the
Lorentz Group [36,37] widely used in the specific Relativity theory [38].

When it comes to the electromagnetic fields in matter with consti-

. . T = — .

tutive relationships like D = ¢E and H = vB. There is a controversy
- =

whether the electromagnetic fields E, B, D, H can be combined or not

in relativistic tensors if D and H are related to E and B by the linear
constitutive relationships. Recently, the author J. Franklin [39] went to
the conclusion that there is no way in special relativity to calculate the
electromagnetic fields in any case where there is a moving linearly

polarizable medium. Even calculating the E and B fields in the rest
system of the polarizable medium, and then trying to Lorentz trans-

forming the fields to a moving system would not work because the E
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and B fields themselves cannot be combined in a relativistic tensor in
the presence of a polarizable medium. Some method other than the
Lorentz transformation would have to be used to treat the electromag-
netism of a moving polarizable medium. For instance, non-relativistic
treatment to 1st order in the velocity could be used.

So, it is proposed to look for the group properties to give to a refer-
ence frame transformation towards a new frame with Galilean motion at
speed V', below the speed of light c, that satisfy the invariance principle

— —
for the space integral of Lagrangian ° (11) with dissipation .77 o4 (22)

and its Action 7 (32). V refers to the speed of motion of the magnetic
system as a whole. Basic linear calculations led to a group of trans-
formations named V with the property detV = 1 (refer to appendix 5).
Each transformation V involves the Lorentz-like factors F and « (45),
which look like the ones of relativity [36-38] but with two important
and significant differences (9 instead of ¢ and the sign + instead of -).

— 2\ ~1/2
%anda: (14—‘7‘ >

The speed v can be higher than the property 9 of (46), which is not a
fundamental constant but represents the magnetic ordering speed, i.e.
the exchange length [11,19] over the time delay of domains structuring.

7= (45)

2Aex
Kan

tw _ M

9 = 1/2Cx

(46)

Kt T

Transformations V are represented by a 44 matrix (47) similar to that
of a dual 3D Lorentz transformation [36-38]. It can be simplified by a
typical 4*4 matrix (48) (f = f3;) still very similar to 1D Lorentz matrixes.

[« ~af, ~ap, o,
2
rah 1D @ 0ER @ nBE
V= 2
g, @-DBR O 1e@-nl @onfp
Psb 2
E R ST S |
47)
a - 0 o
— — +aﬁ a 0 0
viEw =1 0 o 48)
0 0 0 1

Then the metrics to be used in association with this group of trans-
formation is defined by the metric tensor g,, = diag(1,1,1,1) and means
that 4-vectors invariant through the V transformations can be defined
by (49) for the 4-position, (50) for the velocity, (51) for the force and
(52) for the current density.

(9t; X) = (9t,%1,%X2,X3)" (49)
a(9; V) (50)
a(ﬁ o F; F) (51)
“(3:7)

This invariance principle simply tells us that the physical laws of the
TMPT represented by the general Lagrangian (11) with dissipation ?ed
(22) and its Action (32) can be invariant through a Galilean motion of
the main reference frame at speed ¥ providing a V transformation of the

10
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4-vector (9t, X) and the space and time differential operators. According
to [40] at the beginning of the 20th century, the invariance theory is a
relative concept, because it is possible to use one different invariance
theory for each group of transformation. It becomes so natural to find a
group of transformation V in the case of the TMPT theory which is
different from the invariance principle exposed in the well known theory
of relativity [38].

Applications of the tensor magnetic Phase theory
Ferromagnetic materials

The TMPT and any model able to describe the domains structure of a
material can be used for ferromagnetic materials for which the hyster-
esis loops, apparent permeability and losses are closely related to the
magnetization mechanisms within domains and walls. One of challenges
then is still to describe the geometry dependent scalar but also vectorial
behaviour of such materials [41,42]. The quasi-static 1D TMPT imple-
mentation for a NGOES first [43,44] and GOES then [28], with various
thicknesses, giving its apparent permeability and iron losses with good
approximation, has been one of the first encouraging results for the
development of the theory within the dynamic condition in the volume
too.

Ferroelectric and Multiferroic materials

The TMPT can be used not only for ferromagnetic polarized materials
(index J) but also for Ferroelectric (index P) (containing electrically
polarized domains) and multiferroic materials (containing both
magnetically and electrically polarized domains). In this purpose, the

electric polarization P (54) has to be detailed next to the magnetic
polarization (53), with probable relationships between the two.

T = Ve = V(A5] - [AR])T (53)
P =Vl = [VI([A3] - [A3])P.T 54

Processes with TMPT control

One of the first industrial applications of this work is the assistance
required and given to some manufacturing processes of material through
a TMPT control. As an example, it is worth mentioning the investigations
and developments performed to specify a pulsed laser surface treatment
useful to act on the surface magnetic structure and therefore also inside
the volume of an electrical steel. Different pulse durations (Long Pulsed
Laser LPL, Short Pulsed Laser SPL and Ultra Short Pulsed Laser USPL)
[45], powers and patterns [46] have been investigated to achieve the
best possible control of beneficial magnetic structure (images through
dedicated microscope called MOKE or MOIF [3]). Purpose of this mag-
netic structure control is to reduce both the iron losses up to 50 % in
some configurations and the magnetic induced vibration responsible for
the noise up to 20 dB.

Magnetic cores

Regarding the products manufacturing, we refer to a large number of
magnetic cores, using ferromagnetic materials:

e The Ones with various shapes for which we may be interested in the
permeability spectra

e The Ones inside the classical magnetic components such as the
chokes, transformers, the motors, generators ... for which we are
interested in the impedance, losses and yield
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e The Ones inside accurate sensors and sensitivity actuators, requiring
a high sensitivity not altered by the boundary and transient effects ...
like in circuit breakers for examples

The main stake is definitely to ease the computation of fields diffu-
sion inside the polarizable media inside the cores while avoiding the
tremendous complexity and enormous time consumption of a direct
coupling between electromagnetism and micro-magnetism [47], which
would be impossible for a whole prototype.

Discussion, conclusion and forthcoming

The purpose of a theory in Physics is to be able to describe the reality
or what we can observe with consistency. That is why this theory must
be confronted with both observations and measurements.

Theory against observations

Firstly considering observations, it is not always possible to have
access to the true magnetic structure inside the volume of samples larger
than some nano or micrometers ... However, previous works, such as A.
Hubert and R. Schafer in Germany [3], allowed us to compare what has
been discovered by the images at disposal and what can be predicted by
the TMPT. In a GOES for example, the tensor terms seem able to over-
look again both the main 180° domains without gradients and the
closure domains with gradients [28] (the Lancet domains, 90° domains,
tree patterns etc.). The space variations are driven by the ratio x between
the anisotropy and the exchange. Nevertheless, the TMPT can certainly
overlook the typical magnetic phases of domains in terms of statistical
directions and sizes and its gradient into a material, but it cannot give
the exact microscopic shape and arrangement of domains and walls.

Theory against measurements

Considering now measurements, the 1D TMPT problem has been
calculated analytically to compute the dynamic magnetization of a
GOES sheet sample in the rolling direction with various thicknesses. The
two measurable observables named apparent permeability and losses
have been found [28]. The TMPT result seems promising, since
providing an accurate identification of the material properties (k, related
to the anisotropy over exchange plus magnetostriction; the boundary
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surface structure A and the time delay 7) for the domains structuring, it
gives a perfect fitting of the apparent permeability and losses for the
whole thicknesses, in reference [28] at low induction levels (linear
assumptions).

Conclusion and forthcoming

The physics result of this work is an invariant energy formulation
dedicated to polarized media such as ferromagnetic, ferroelectric and
multiferroic materials. Results take into account the geometry, field and
stress dependence of polarized domains and flux at a long distance, the
variability of those polarized domains with phases, dynamics and losses,
the anisotropic behaviour intrinsic in the tensor variables. Still work has
to be done to develop the TMPT theory and formulation with non linear
coupling to classical fields at boundaries and in the volume, variations
with the whole kinds of exchange and anisotropy, rebuilding vector
hysteresis loops with memory and dynamics, investigations on dual
wave equations at high frequencies (Barkhausen noise, spin waves etc.).
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APPENDIX 1: Mathematical Tools, properties and specific TMPT operators

Operators.
Yiu Y2 Yis
[Y] = {71,7%73} =|Ya Yz Yy
Y31 Y3 Yg3

[Tl} = [ﬁv ﬁv H}}

[Y]T means to transpose the matrix [Y].

[ﬁ)] (Z) = [? ® X], [W)} (Z) ]i_ = [? ® X} @ tensor gradient on a vector,

y y
T

— - - 2= = = .
VY] = (V- Y1,V-Y,y V-Y3 | : vector divergence on a tensor,

— — =2 =2 =2 = = = T .
[VIx[Y] =[Vx]Y] = [V ANY1,VAYy VA Y3:| : tensor rotational on a tensor,

— (= — (= — (= T .
[AllY] = {A <Y1>, A (Yz), A <Y3> } : tensor Laplacian on a tensor,

v = (61~762-763~)T: Nabla operator,
A = (3101-, 0202+, 0305-): Laplacian operator.
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Operations.
— = — =
[A ® B], [A ® B} = A;B;: tensor product between two vectors.

i
([Y]-[Z]],[[¥]-.[2]]; = YyZ;: tensor product type 1 between 2 tensors.
— - = - = — T
Y] x [Z]] = {Yl NZ1,YaNZ2, Y3 A Zg:| : tensor product type 2 between 2 tensors.
T -
([Y}@[Z] ) = (71'71, 72'72, ?3'73> s ([Y} - 2) = ([Y]B[Y] ): vector product between 2 tensors.

[Y]°[Z] = YyZy: scalar product between two tensors.

Derivative and integral properties

[V x ][V x ][] = [VI(V-[¥]) - [A][Y]
XIS (Y] x 2]) = (23 (1X] x [Y]) = [Y]5 (2] x [X])

ﬁ(mz’) = (V[Y])A +[ W’@ K’]

//(?i))d%c =B (Z}‘ﬁ)dzx

Q

(1% 0@ = G~ (111 ¢ )

J[ @< mnex= fnain) ax

0z

APPENDIX 2: Origin and formulation of the magnetic exchange energy

The Exchange energy has got a quantum origin at the atomistic and microscopic scales, using the following physical properties:
y: the gyromagnetic factor [C.kg1]=[s1.T"].

Jex: the quantum Exchange integral Energy [J].

dV = dQguice = dxidxadxs: volume of each crystal lattice [m°].

dx;, dxz, dxs: geometrical dimensions of one crystal lattice [m].

Z.: the coordination number or ligancy of each atom of the crystal lattice.
—

—_ —
™ = % = (”7“) % =(y) %: the microscopic magnetization m; defined by the volume density of magnetic moments d—ﬂ: [A.m?] carried by the

—_—
atoms and due to the density of electrons’ spin momentum ds; [J.s].
The original microscopic Exchange energy &, [J] comes from a discrete summation of the interactions of every couples (i,j) of atomic spins

— —
momentum of electrons ds; and ds;.

Jom = JodV?__, CJedV
§€X - ZZ*?dSI . de = Z;* (gﬂB)z m; e m; = ZZ (yh)Z m; e my

Each microscopic magnetization vector m;’ may be expanded in a Taylor series until the second order, as a function of its neighboring microscopic

. . —
magnetization vector m; :

1
]+ (0, T dey )+ (0, T dx ) + 0 )
On summing only over nearest neighbors of each atom i:

e JudVP( — 1y (2 —,2
Sox \%/ Z Z - (yfl)2 <mi + m; e (0)%. m; dxkj) +§mi ° (axkj my dxkj))

i j=1

1%t neighbors
2"g§rder
1neighbors

12
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Let’s develop the final approximate expression of the variable part of the Exchange Energy for a body-centered cubic lattice with lattice constant a:

NS A< 2(32( ))W>dv_ZAex(ﬁ’-A(W))dV

i
15tneighbors 2" order

With Aee = {;nd)‘?/; the macroscopic Exchange coefficient [J.m.A]

and A(e) = =33 .0 ) the Laplacian operator in cartesian coordinates.
The fact that each magnetlzatlon vector has got a constant modulus given by the saturation magnetization 7 e m; = M2, we can use the

following relationships:

0 = 0y (M?) = 0y, (T ;) = 2.1 -0, (T} )=>

s

0 = dy (705, (7)) = (3, (7)) + 702 (M) & — Ty 0%, (M) = (9, (7))

Then the Exchange energy can be written by two ways like in the literature:

3

b D An(m @A) )AV =)+ Ac (0, (7)) AV Z+A Z (Mac)

§ i k=1
15tneigh. 2"order

= (0, (7)) + (3, (M) ) + (3, (M) )?
By using the equivalence: { — 22:1 ((9x1 (M) )2 + (0x, (mix) )% + (Ox, (mie) )2) _ Zi:]<€(mik) )2

2
#ﬁ)ﬁ (Zklkalk>

Considering a very large number of atoms into the material, the crystal size being infinitely small compared to the sample size (dV—0), the discrete
formulation tends towards its continuous integral formulation that follows:

dV—’O/// (7 @ A(T) )dV = /// +Aexk 1 (V(my))*dv

This gives a second order approximation of the Exchange energy density per unit volume e, [J.m™>J:

3
tex (N Aex(m o A ﬁ} Z

2ndorder

—

Another expression is possible thanks to the vector identity VAVAM = ﬁ(? o 1) —A(m), the Green Ostrogradsky theorem ff/ V- Tdv = yf oV

'dS and the Integration by parts:

The first integral becomes (Einstein notation with the use of the Levi-Civita tensor’):

// e (VAT ATV~ // Myt (e0m,) )av = /// ey (myegdim;)dV — W ey my) (eqom;) dv
- ///ngp,aq (Mpergdim;)dV + /// (Cardimy) (edim;)av
://j. (fﬁ/\€/\n_1>)dV+///v(€Aﬁ)o(v/\ﬁ})dv

1 ; s Civi 3 e — . — _ . — . — . — y — e e
&qr is the Levi-Civita tensor defined by: 123 = €231 = €312 = 1, €132 = €321 = €213 = —1 and gy = £pgq = €pr = 0

13
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— o (~TAAY An—i).E+///ﬁAn—ﬂ2dv

v

The second integral gives:

// Me(—V(Vem))dv= // —my,0,(dgmg)dV
:/]/Vfdp(mp(()qmq))dV+//V(apmp) (0gmg)dV
// Ve(—(Vem )dv+///v(€.ﬁi).($’.m)dv

— §,,(— (V-m)m)-ds +// |V dv
14

Another vector identity can be used: —7 AV AT = —1V(mi o 1) + (M e V)il = (M o V)7
V(mem) =(Vemm+ (e V)m
Finally: ¢, " —"° ///AexW APV + ///Aex| APAV + §f,Aex(V (7 @ ) — 2(V )i )- dS

In this paper, we consider that any non-nil contribution of magnetic charges (? e 717) in the volume of the material is necessarlly due to a

demagnetizing field. So this energy integral ] VAC,CW o 7| 2@V shall be included in the demagnetizing energy, minimized when Ve =

?o (Zﬁ)—)?o <£> =0.

Similarly, the surface energy integral ¢f WAex(ﬁ(ﬁ) ®m)—2( v m)m)- 'S contributes to the demagnetizing field energy due to the surface
magnetic poles, taken for the energy minimization principle into account through an adequate surface boundary condition.

At the end, assuming the two previous assumptions we’ve got the following equivalence for the Exchange energy density per unit volume «, [J.
m~3] and the corresponding energy integral:

3
vex X —Aw(T 0 A()) = +An > (V(me))*_ = AV A

< =
2ndorder k=1 Vem-o

"I~ Au( » A(TD) AV

~[[] +a- z (V(me) *dv
- G// ex\V/\n_ﬂde
Voo’V

In case it is not reasonable to consider that V e m—0, then we still suggest defining a high order approximation of the magnetic Exchange energy
density with (Aex|€ A ) In this case, it equals the usual 2nd order term ( — A (7 o A(m) ) ) added to (*Aex‘v o i) ), which shall balance the

demagnetizing stray field energy due to Vem # 0. The boundary conditions stays fundamental to describe the demagnetizing stray field effects due
to the surface magnetic poles.

APPENDIX 3: TMPT energy terms derivation

Averaging method or coarse-grained description of magnetization:
M(.t) = (M(x,1), = // w(e-x) T (x, t)d®x

It is a convolution over space with the kernel w(x) being a real, non-negative and continuous function normalized to unity (/Jf,w(x) = 1). It varies
slowly over the size d,, of domains. The width of the kernel’s plateau is larger than d,, and w(x) tends towards 0 elsewhere (w(x) > 0). Then we have
x>d,

the following properties [27,29,30]:

(VAm) =V A(m) and (Vo) =V e (i)

Magnetic Exchange Energy:

14
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Magneto-Crystalline Anisotropy (case of uni-axial anisotropy):

4 4
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T\ 02
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Magneto Striction Energy (y = —3/2 or 9/4, [L] = [4]or[4?] and [T] = [s]or[C]):

4 4
Yw Yw
U= J? (K_,m) 0,2 %3 = J? (K—m) 0,2 {2)

- (I%W) 4% <;( %ﬂo ([L}.-.[T].-.%im) >

2
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0
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S, = 4G V2] ( L0 Tv?) > with C; = 1[n.u]

APPENDIX 4: Magneto-Mechanical tensor properties

Magnetostriction (magneto-mechanical strain).

1
2
2100 (061 ~3 AMiaiaz A1aia3
3 2 1 . — . .
€] =3 AMiazan Ao | a5 — 3 M11az0a3 with a1, az, as the m cosine directors.
5 1
Aimasom A1 asaz A100 | a3 — 3
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— —0 — —
Potential stress induced magnetostriction energy: «;; = —3 [mﬁ_zm] [A].'.[s}.'.[ml‘zzm]
A100 4111 A
with: [A] = | 4111 4100 4111 | the tensor of magnetostriction coefficients.
A1 A1 4100
Hooke law in rhombohedral crystals:
5 [ Cu C2 Ca 000 /g
S Cn Cp Gy 0 0 O I
S3 . Cy G C3 0 0 O £3
S4 = Sa3 0 0 0 C4 0 O €4
S5 = S13 0 0 0 0 Gss O s
Se = S12 0 0 0 0 0 Cg €6
[mem) [ 1,2 men
Potential self magnetostriction energy: «;, = + 2 7 [4%]-.[C]-- B
C11 — Ci2 Caa Css
with [C] = Cu4 Cay — Co3 Ceo , the magneto-mechanical stiffness tensor.
Css Ces Cs33 — Ci3

2 2 2
Moo Fhu Fhin
with: 2] = | +£42,, 43, 443, |, the tensor of squared magnetostriction coefficients.
2 2 2
T Fn Ao

APPENDIX 5: Group of transformation that keeps invariant the Lagrangian and its action

We consider writing the entire space integral of the Lagrangian energy density with dissipation, i.e. the time derivation of the Action, in two

1 —# ~Z p——
different reference frames. This space integral of the Lagrangian energy density with dissipation named Z* and % ,; will be written St =do”/det

in a reference frame R* = (07; ,#, ,zf, ff, t#) which is in Galilean motion at a speed ¥ as a function of another reference frame R = (0; 1, #2, #3,t) in

which the space integral of the Lagrangian energy density with dissipation named 7 and .‘_}ﬂd will be written S =d ./ /dt. The invariance principle

is satisfied if and only if this integral does not depend on the reference frame in which it is calculated, i.e. if and only if 3% = J and /" = .. For
clarity purpose of the proof, but without loss of generality, we consider that the speed V' is parallel to one first direction of space named 77’ such that:

007 (t + dt) = 00%(t) + Vdt = 00% (t) + vdtz;

Considering that the two reference frames R* and i are in uniform relative motion from each other along the 77" axis, we assume a linear trans-
formation of the coordinates, to be determined:

dr = aydof + apdt?,
dr, =dt,

drs = dt,

dt = azd/ + a,de?

—
The invariance problem consists in finding the parameters (a;,az,as, as) that ensure perforce RIS

— d # (N
S* =7 =1 (J# - %ed)d%#

5" 7" L 7 L 57 L \ o
= ?/ex+ //an+ ?//15+ 7/lr+ T//dm+ '%ed -

—
3_ dT{ _ /// (7 _ 7) P /// (7 Tt Dot Wt W am+ 7) &,

i . . . . . —# # —#
Part of the energy densities without space or time operator are necessarily expressed with exactly the same formulation: % ,, + Y st W+

— —_— — — — . .
Win = Wan + % is+ %ie + % gm. Besides, we can write:
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?v 2 1 y N
:_/// N D0 ) g g w0 [V T ] ) 4
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#
+ 7, ) & )

_
0 outside the material)

with § = \/2Ce £ = M./ %"f a characteristic speed of the magnetic structuring mechanisms.

anT T
2\ 12 1
Qg =as=a= l+<—)) =/
1 =0a4 ( 9 14 /2
The solution is: ¢ g, = ayv,
2
av afy
B=—p=

with g =

Which finally gives the proof of equations (45), (46) and the ones that follow.
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