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SHANNON WEIGHTS FOR BINARY DYNAMICAL

RECURRENT SOURCES OF ZERO ENTROPY
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BRIGITTE VALLÉE

April 15, 2025

Abstract. A probabilistic source is defined as the set of infinite words (over
a given denumerable alphabet) endowed with a probability µ. The paper

deals with general binary sources where the distribution of any symbol (0 or

1) may depend on an unbounded part of the previous history. The paper
studies Shannon weights: whereas the classical Shannon entropy Eµ is the

average amount of information brought by one symbol of the emitted word,

the Shannon weight sequence deals with the average amount of information
mµ(n) that is brought by the emitted prefix of length n. For a source with a

non zero entropy, the estimate mµ(n) ∼ Eµ · n thus holds.

The paper considers the model of dynamical sources, where a source word is
emitted as an encoded trajectory of a dynamical system of the unit interval,

when endowed with probability µ. It focus on sources with zero entropy and

gives explicit constructions for sources whose Shannon weight sequence satisfies
mµ(n) = o(n), with a prescribed behaviour. In this case, sources with zero

entropy lead to dynamical systems built on maps with an indifferent fixed

point. This class notably contains the celebrated Farey source, which presents
well-known intermittency phenomena.

Methods are based on analytic combinatorics and generating functions, and

they are enlarged, in the present dynamical case, with dynamical systems tools
(mainly transfer operators).
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1. Introduction

Sources and weights. The paper studies probabilistic models on infinite words. In
information theory contexts, a source is a process defined on the set of infinite words
over a given finite alphabet Σ, endowed with a probability µ. It is a sequence of
random variables X1 . . . Xn . . . where Xn is the n-th emitted symbol.

The paper focuses on binary sources (Σ = {0, 1}) and studies their Shannon weight
defined in Section 2.2. The classical Shannon entropy Eµ –when it exists– is the
average amount of information enclosed in one symbol of the emitted word, whereas
the Shannon weight sequence deals with the average amount mµ(n) of information
enclosed in the emitted prefix of length n. We are interested in the asymptotic
behaviour of the sequence n 7→ mµ(n) (as n→ ∞).

When the sequence n 7→ (1/n)mµ(n) has a limit, it is equal to the entropy Eµ;
when Eµ is positive, Shannon weights satisfy the estimate mµ(n) ∼ Eµ ·n, and they
are thus of linear order. But, for a source of zero entropy, the Shannon weights will
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be a main object of interest: their behaviour provide an extra knowledge on the
probabilistic properties of the source, and the paper answers the general question:

Describe explicit sources with a prescribed Shannon weight mµ(n) = o(n).

Our models of sources. The paper studies a general binary source (with alphabet
Σ = {0, 1}) which is furthermore recurrent1; it is first based on the fundamental
decomposition of the set {0, 1}⋆ of finite binary words,

(1) {0, 1}⋆ = U⋆ · {0}⋆ ,

that deals with the set U = {0}⋆1 of blocks, each block being a sequence of zeroes
ended by a symbol one. We consider mainly recurrent binary sources with zero en-
tropy, described along the decomposition (1), and aim at estimating their Shannon
weights.

The two simplest model of sources – the memoryless sources which emit iid symbols,
or the fixed length (aperiodic) Markov chains, when the distribution of any next
symbol only depends on a bounded number of previous symbols – have a strictly
positive entropy. We then focus here on another general model of sources, which
may present more complex correlation phenomena, the model of dynamical sources.
Such a dynamical source is associated with a measured dynamical system (I, T, µ) of
the unit interval I, and a word emitted by the source is here the encoded trajectory
of an input x ∈ I under the probability µ defined on I. As we are mainly interested
in sources of zero entropy, we are led to dynamical systems with indifferent fixed
points, whose encoded trajectories present intermittency phenomena, with long
runs of zeroes. A typical instance is the Farey source.

Block source. Starting with a binary recurrent source S, the decomposition (1) na-
turally introduces another source –no longer a binary source– that indeed generates
blocks and is called the block source, denoted as B. The block source B will be a
central object in our analysis. We deal within a general context where the source S
is a dynamical source whose block source B has nice properties : it is associated with
a dynamical system of the Good Class, and it has notably an invariant probability
measure ν with a finite positive entropy Eν(B). In this context, the block source B
is often more “regular” and easier to study than the initial source S, and we often
“replace”2 in the study the source S by the source B.

Generating functions. We extensively use methods of analytic combinatorics, in
the same vein as in the book of Flajolet and Sedgewick [FS09]. We first describe
a source S with probability µ via the probabilities p(w) = pµ(w) that the emitted
(infinite) word begins with the prefix w. Due to (1), the number n(w) of ones in the
prefix w is also central, and we associate with the source S a trivariate generating
function

(2) Λµ(v, t, s) :=
∑
w∈Σ⋆

v|w| tn(w) p(w)s .

The mean number nµ(n) of ones and the mean average amount of information
mµ(n) contained in a prefix of length n are our final objects of interest, but the
distribution qµ(n) = µ[W > n] of the waiting time W of the symbol one is also an
important (auxilliary) parameter. There are finally three generating functions (gf’s
in shorthand notation) of interest: the gf’s Nµ(v) of the number of ones, Mµ(v) of

1Such a source produces infinite words which contain almost surely an infinite number of ones.
A precise definition is given in Definition 3.

2As a main instance of this fact, the Farey source is “replaced” by the source defined by the
Gauss map and associated with continued fraction expansions
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Shannon weights and Qµ(v) of the waiting time,

(3) Qµ(v) =
∑

qµ(n) v
n, Nµ(v) =

∑
nµ(n) v

n, Mµ(v) =
∑

mµ(n) v
n .

Remark that the gf’s Nµ(v) and Mµ(v) are (formal) derivatives of Λµ(v, t, s) with
respect to t or to s at (t, s) = (1, 1).

Dynamical analysis. All our analyses, performed in the dynamical context, are
based on the dynamical analysis method designed by Vallée and then extended by
Cesaratto and Vallée in various papers (see for instance [BV05], [V01], [CV15]).
This method mixes analytic combinatorics tools and dynamical systems tools, in
a general framework where the (secant) transfer operator of the dynamical system
is used as a generating operator which itself generates the fundamental probabil-
ities p(w) of the source. This method was already widely used in the analysis of
Euclidean algorithms ([BV05], [V03],[V98]), in arithmetical studies ([CV06]) or in
contexts of information theory (see [V01]), but it occurs for the first time in the
study of Shannon weights.

Using decomposition (1), and directly dealing with generating functions associated
with dynamical sources, the paper first obtains in Theorem 26 a precise (formal)
expression of the trivariate generating function Λµ(v, t, s) in terms of transfer op-
erators, where the weighted transfer operator Gv,s of the block system B plays a
central role. We are then led to dynamical systems S for which the block sys-
tem B belongs to an important subclass of dynamical systems, the Good Class,
already mentioned and deeply studied in [CV15]. There, the operator Gv,s fullfills
(on a convenient functional space) nice dominant spectral properties, and it will be
possible to take the derivatives of function Λµ.

The four main results. The paper studies, as its first main result stated in The-
orem 19, invariant densities for the initial source S and for the block source B.
Then, it obtains in Theorem 20, two relations (and one of renewal type) between
the three gf’s Qµ(v), Nµ(v) and Mµ(v). It remains to “extract” the coefficients
nµ(n), mµ(n), qµ(n) of the gf’s. As these gf’s have positive coefficients, a good

knowledge of their behaviour on the real segment [0, 1[ (as v → 1−) provides, with
Abelian and Tauberian Theorems, asymptotic estimates for the mean number of
ones nµ(n) and Shannon weights mµ(n) in terms of qµ(n), described in our third
main result, Theorem 23. It derives in particular an (indirect) relation between the
mean number nµ(n) of ones and the Shannon weights, namely

mµ(n) ∼ Eν(B)nµ(n) (n→ ∞) ,

that involves the entropy Eν(B) of the block system (wrt to its invariant measure
ν). The previous relation can be viewed as an extension of the Abramov formula, –
which relates the the entropy Eπ(S) of the initial source with respect to its invariant
measure π and the entropy Eν(B) of the block source, when they are both positive
and finite– to the case when the initial dynamical system S has zero entropy and
possesses a block system in the Good Class.

The fourth main result, whose main steps are summarized in Section 4.6, is de-
scribed in Theorem 49: it explains how to find an explicit source with given Shannon
weights and answers the central question of the paper.

Related works. In the context of dynamical systems, the number of ones has been
already deeply studied, notably by Thaler and Aaronson, with methods of Infinite
Ergodic Theory ([A81] [T83]). Aaronson provides a renewal equation of the same
type as ours, but with respect to another type of measure, and only for the number
of ones. These authors do not study Shannon weights. We compare our results
with methods of Infinite Ergodic Theory in Section 6.
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Our results are obtained via analytic combinatorics and dynamical analysis. Our
approach is furthermore mainly applied to sources with zero entropy; even though
this zero-entropy class is natural and has been remarked a long time ago, it is less
understood and less investigated. There is yet a recent renewal of interest for these
sources: the paper [APV22] describes a general process for building in a natural
way sources of zero entropy from sources of positive entropy; moreover, the paper
[BCRS23] describes and studies new extensions of entropies of various kinds to
various weights.

Plan of the paper. Section 2 introduces the main objects (sources, Shannon
weights, waiting time, block source), and Section 3 first transfers the main concepts
of Section 2 to the dynamical context. Section 4 states the four main results. Then
Section 5 describes the main tools –the trivariate gf Λ and the three gf’s Q,N,M–
and proves the first theorem on invariant densities (Theorem 19). The next Section
6 proves the second main result (Theorem 20). Then, Section 7 describes the precise
version of Abelian and Tauberian Theorems of use (that involves slowly varying
functions) and explains how to deduce the third result (Theorem 23) from Theorem
20. The sequel of the paper (with Sections 8 and 9) builds explicit instances, based
on maps with indifferent fixed points, and leads to the answer of the main question
of the paper.

2. Sources, Shannon weights, block sources, waiting time

The present section describes the main objects of interest: sources in Section 2.1,
with various points of view, then the main costs of interest: Shannon weights in
Section 2.2, and number of ones in Section 2.3. With the waiting timeW of symbol
one, the word decomposes into a sequence of blocks, and Section 2.4 introduces
the recurrence property (Property R), that allows to define the source which emits
blocks, called the block source. This will be a central object of the paper.

2.1. General sources. A general source is a probabilistic process, denoted by S,
that emits infinite words with symbols from a given alphabet Σ (finite or denumer-
able), one symbol at each discrete time t = 1, . . . , t = n, . . .. Here N will denote the
set {1, 2, . . . } of positive integers.

Sequence of random variables. Consider some abstract probability space (Ω,O,Pr).
When, for n ≥ 1, Xn (defined on Ω) denotes the random variable whose value at
ω ∈ Ω is the symbol αn emitted at time t = n, namely αn = Xn(ω), the source S
will be identified with the sequence X = (Xn)n≥1 of random variables.

In the sequel, any sequence (finite or infinite) of symbols will be identified with the
concatenation of its terms (written without commas). Any word emitted by the
source is thus a one-sided infinite word α = X(ω) = α1 . . . αn . . . ∈ ΣN.

Fundamental domains, fundamental probabilities and Kolmogorov Property. For
each k ≥ 1, the projection πk : ΣN → Σk associates with the infinite word α ∈ ΣN

its finite prefix w = (α1α2 . . . αk), and the set

(4) Iw = π−1
|w|({w}) gathers the elements of ΣN that begin with the prefix w.

It is called the cylinder (or the fundamental domain) associated with the prefix
w. The space ΣN is endowed with the product σ-algebra, i.e., the σ-algebra F
generated by the sets {π−1

k (w), w ∈ Σk, k ≥ 1}. Since these sets are a base for
the product topology, F is also the Borel σ-algebra on ΣN. Then, the sequence P
of fundamental partitions Pk of order k,

(5) P = (Pk), Pk = {Iw | w ∈ Σk}, p(w) = µ(Iw) ,
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generates the σ-algebra F . The distribution µ = µX of the sequence of random
variables X = (Xn)n≥1, is defined on F , and is thus completely specified by the
fundamental probabilities p(w) = µ(Iw) that a word begins with the prefix w: this
is known as the Kolmogorov principle.

A recursive point of view on the source. We consider the following two mappings
σ and T –T is also called the shift– defined on ΣN: For an infinite word α ∈ ΣN,
with α = α1α2, . . ., σ(α) = α1 is the first symbol of α and T (α) is the infinite suffix
(α2α3 . . .), so that the symbol αn emitted at time n is αn = σ(Tn−1(α)) and the
(infinite) emitted word α is then written as

(6) α = (σ(α), T (α)) = (σ(α), σ(T (α)), . . . , σ(Tn(α) . . .) .

Costs. The main objects of our study are costs. A cost c is a map c : Σ⋆ → R, and,
for any k ≥ 0, we consider the mean value cµ(k) of c on Σk,

(7) cµ(k) :=
∑
w∈Σk

pµ(w)c(w) .

We wish to study the asymptotic behaviour of the sequence (cµ(k))k≥0. As it is
usual in analytic combinatorics, we deal with the associated generating function

(8) Cµ(v) =
∑
k≥0

cµ(k) v
k .

The cost c is increasing if
c(w · i) ≥ c(w) for any w ∈ Σ⋆ and i ∈ Σ,

where w · i denotes the concatenation of the word w and the letter i. This means
that the sequence k 7→ c ◦ πk is increasing and the cost c can be defined on the
infinite words as a cost c : ΣN → R ∪ {+∞} with

(9) c(α) := lim
k→∞

c ◦ πk(α) = sup{c(w) | w finite prefix of α} .

Then the following holds

cµ(k) = Eµ[c ◦ πk], cµ(k) ≥ cµ(k − 1),

and the generating function Cµ(v) defined in (8) satisfies the following:

Lemma 1. For any increasing cost c, the generating function (1 − v)Cµ(v) has
positive coefficients and the partial sums of these coefficients coincide with cµ(n).

Proof. The series (1− v)Cµ(v) satisfies

(1− v)Cµ(v) =
∑
k≥0

cµ(k) v
k −

∑
k≥0

cµ(k) v
k+1 = cµ(0) +

∑
k≥1

(cµ(k)− cµ(k − 1)) vk .

□

2.2. Shannon weights. We consider the costm defined on Σ⋆ that associates with
the prefix w ∈ Σ⋆ the amount of information it brings. Then the cost m satisfies3

m(w) = | log pµ(w)| if the prefix w is emitted, m(w) = 0 if not,

and is increasing. As in (7) and (8), we associate,

mµ(k) =
∑
w∈Σk

pµ(w)m(w), Mµ(v) =
∑
k≥0

mµ(k) v
k .

3We may also consider that any prefix w (even though it is not emitted) always provides the
supplementary information relative to its length |w| and, in this case, the amount of information

brought by the prefix w is

m̃(w) = log |w|+m(w) .
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The mean value mµ(k) is written as4

(10) mµ(k) =
∑
w∈Σk

[[pµ(w) ̸= 0]] pµ(w)| log pµ(w)| =
∑
w∈Σk

pµ(w)| log pµ(w)| ,

the second equality being due to the convention x log x = 0 when x = 0. Thus
mµ(k) coincides with the joint entropy H(X1, . . . , Xk) of the random variables
that define the source (see [CT06]).

Definition 2. For the source (ΣN, µ),

– the sequence k 7→ mµ(k) is called the sequence of Shannon weights;

– the limit of the sequence (1/k)mµ(k) –when it exists– is called the entropy
of the source, denoted as Eµ.

In information theory contexts (see for instance [CT06]), the entropy of the source
is sometimes called entropy rate. A sufficient condition for the convergence of the
sequence (1/k)mµ(k) is the sub-additivity of the sequence k 7→ mµ(k). And a suf-
ficient condition for this sub-additivity is the stationarity of the sequence (Xn)n∈N
or equivalently (See [PY98]) the fact that µ is invariant by the shift T , i. e.,

µ(T−1G) = µ(G) for any G ∈ F .

When the entropy Eµ is positive, the Shannon weights mµ(k) are of linear order.
But, in the case of zero entropy, the Shannon weights are o(n) and their precise
asymptotic study provides an extra interesting knowledge on the source.

The idea of extending entropy into a sequence of weights is not new and has already
been proposed (for instance) in the paper [BCRS23], notably in the context of
dynamical sources (see Section 9.7). However, the weights introduced there extend
other types of entropy, defined in Dajani and Fieldsteel [DF01], (not the Shannon
entropy), and are described in Definitions 2.1 and 2.2 of [BCRS23]. To the best
of our knowledge, the interest in the precise asymptotic study of Shannon weights,
that describes the evolution of | log p(w)| when |w| tends to ∞, appears to be new.

With the point of view of Footnote 3, the average amount of information on Σk is

m̃µ(k) = log k +mµ(k),

and this version of Shannon weights satisfies m̃µ(k) ≥ log k.

2.3. Binary sources and number of ones. The paper is devoted to the case
of binary sources S, i.e., sources with a binary alphabet Σ = {0, 1}. There is a
fundamental decomposition

(11) {0, 1}⋆ = U⋆ · Z ,

(12) with U := {0}⋆1 = {0u−11 | u ≥ 1}, Z := {0}⋆ = {0u | u ≥ 0} .
An element U of U is called a block, and an element of Z is called a zero-tail. The
set U is a set of words and may thus be called a code (in coding theory). This set U
has an important property: a proper prefix of a codeword U of U does not belong
to U , and U is called a prefix code (in coding contexts).

The fundamental decomposition (12) provides, for any finite word w, the writing

(13)

{
w = (0u1−11) . . . (0uℓ−1−11) (0uℓ−11) 0u0 (ℓ ≥ 1)
w = 0u0 , (ℓ = 0 or w = ϵ)

}
,

where ℓ ≥ 0 is the number of ones contained in w, the integers ui satisfy ui ≥ 1
(for 1 ≤ i ≤ ℓ) and u0 ≥ 0.

4For an event A, [[A]] is the Iverson’s bracket equal to 1 if A arises and 0 if not
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Number of ones. We are thus led to another important cost n : Σ⋆ → N, where
n(w) equals the number of ones in w (it coincides with the number of blocks). The
cost n is increasing, and, as in (7) and (8), we associate

nµ(k) =
∑
w∈Σk

pµ(w)n(w), Nµ(v) =
∑
k≥0

nµ(k) v
k .

The present paper studies the asymptotic behaviour of the sequence k 7→ nµ(k).
As the cost n is increasing, it may be defined on infinite words α, with values in
N = N ∪ {+∞}, as in (9) and the equality holds

nµ(k) = Eµ[n ◦ πk] .
The random variable n ◦ πk is expressed via an ergodic sum in terms of the set J
of words which begin with the symbol one,

(14) n ◦ πk(α) =
k−1∑
ℓ=0

1J ◦ T ℓ(α) , J := {α ∈ ΣN | σ(α) = 1} ,

and this is why (Infinite) Ergodic Theory arises in a natural way in the study of
nµ(k). The present paper uses another direction, and presents alternative proofs
for the asymptotic estimates of the mean number nµ(k) of ones, based on analytic
combinatorics, dynamical methods, and functional analysis. We think that this
method of proof may be of independent interest.

2.4. Recurrence, waiting time and block sources. We consider the decreasing
sequence Nℓ of subsets of {0, 1}N, and its intersection N ,

(15) Nℓ := {α ∈ {0, 1}N | n(α) ≥ ℓ} (ℓ ≥ 1), N :=
⋂
ℓ≥1

Nℓ ,

so that N is the set of (infinite) words having an infinite number of ones. Then,
for any α ∈ N , and for any k0, there exists k ≥ k0 for which T k(α) ∈ J .

Recurrence. We consider sources that satisfy, when restricted to the set N , a re-
currence property with respect to the occurrence of symbol one, that is expressed
in terms of the fundamental domains Iw introduced in (4):

Definition 3. The source (ΣN, µ) is recurrent if

for any w ∈ Σ⋆, the sequence µ(Iw·0n) tends to 0 as n→ ∞.

Remark that, if the source (ΣN, µ) is recurrent, then any source (ΣN, µ′) with µ ≡ µ′5

is recurrent too.

Proposition 4. [Recurrence]

(a) (i) When the source ({0, 1}N, µ) is recurrent, one has, with p = pµ

p(w) =
∑

U∈U p(w · U) for any w ∈ Σ⋆.

(ii) For any ℓ ≥ 1, for any sequence (U1, U2, . . . , Uℓ) of ℓ blocks,

p(U1 · U2 · . . . · Uℓ) =
∑

U∈U p(U1 · U2 · . . . · Uℓ · U) ;∑
(U1,U2,...Uℓ)∈Uℓ p(U1 · U2 · . . . · Uℓ) = 1 ;

(b) The equivalence holds, and involves the set N defined in (15),

The source ({0, 1}N, µ) is recurrent ⇐⇒ µ(N ) = 1.

Proof. Item (a)(i). For any w ∈ Σ⋆, one has
p(w) = p(w · 0) + p(w · 1) = p(w · 00) + p(w · 01) + p(w · 1)

so that, for any i,
p(w) = p(w · 0i) + p(w · 0i−11) + p(w · 0i−21) + p(w · 0i−31) + . . .+ p(w · 1) .

5Two measures are equivalent if they admit the same subsets of zero measure
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Letting i→ ∞ proves Item (a)(i).

Item (a)(ii). We apply (a)(i) to w = U1 · U2 · . . . Uℓ.
Item (a)(iii) is proven by induction. For ℓ = 1, this is (a)(i) applied to w = ϵ. Now∑
(U1,U2,...Uℓ,Uℓ+1)∈Uℓ+1

p(U1 ·U2 ·. . .·Uℓ ·Uℓ+1) =
∑
U∈U

∑
(U1,U2,...Uℓ)∈Uℓ

p(U1 ·U2 ·. . .·Uℓ ·U)

=
∑

(U1,U2,...Uℓ)∈Uℓ

∑
U∈U

p(U1 · U2 · . . . · Uℓ · U)

and we use (a)(ii) together the induction hypothesis. .

Item (b). The set Nℓ coincides with the set of infinite words X which begin with a
sequence of ℓ blocks. Then

µ[Nℓ] =
∑

(U1,U2,...,Uℓ)∈Uℓ p(U1 · U2 · . . . Uℓ)

that equals 1 with Item (a)(ii). Conversely, if a source is not recurrent, then there
exists a finite word w such that limi p(w0

i) is strictly positive. It gives rise to an
infinite word α = w ·0N for which µ(α) is strictly positive and n(α) = n(w) is finite.
Then α does not belong to N and µ[N ] is stricly less than 1. □

Waiting time. With the set J of words which begin with the symbol one, described
in (14), the waiting time W to hit J is defined on the set N as

W (α) = 1 +min{k | σ(T k(α)) = 1} = 1 +min{k ≥ 0 | T k(α) ∈ J }.
There is (1+) in the formula because the symbol produced at time t is the symbol
σ(T t−1(α)). This waiting time W is the first time t ≥ 1 when there is a symbol ‘1‘
at position t. This gives rise to three random variables, all defined on N , the first

block U , its length u, and the block shift T̂

U(α) = 0W (α)−11, u =W (α), T̂ (α) = TW (α)(α) .

The block shift T̂ is also called the block shift because it “jumps” over the block.
The infinite word α ∈ N is thus written as

α = (W (α), T̂ (α)),

and this defines, as in (6), and on the set N , a source B with alphabet N, with

(16) σB(α) =W (α), TB(α) = T̂ (α) .

Block source. When the source S is recurrent, the map T̂ : N → N is defined µ-
almost everywhere, and any infinite word of N emitted by S is encoded as in (16).
This defines on N a source B with alphabet N, and, by definition of this source B,
the equality holds for Ui = 0ui−11

µ[S emits the prefixes U1, U2 . . . , Uℓ] = µ̂[B emits the prefix u1, u2 . . . uℓ] .

This leads to the next definition which introduces one of the main tools in the
present paper.

Definition 5. [Block source] When the source S = ({0, 1}N, µ) is recurrent, it gives
rise on the set N with full measure µ[N ] = 1 to a block source B = (NN, µ̂), where
µ̂ is defined by the equalities

pµ̂(u1u2 . . . uℓ) = pµ(0
u1−11 · 0u2−11 . . . 0uℓ−11) ,

that relate the fundamental probabilities pµ of the source S and the fundamental
probabilities pµ̂ of the source B.
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2.5. Distribution of the waiting time and generating function Q. For a
recurrent source S = ({0, 1}N, µ), and with Proposition 4, the waiting time W and
the block source B are well-defined (almost everywhere), and one thus deals with
three main objects:

Level sequences related to the distribution of W (wtd sequences). There are two
level sets sequences attached with the waiting time W , namely,

n 7→ [W > n], n 7→ [W = n].
The probabilities of the associated events define the waiting time distribution (in
shorthand wtd),

(17)

{
qµ(k) = µ[W > k] = µ(I0k) (k ≥ 0)

rµ(k) = µ[W = k] = µ(I0k−11) (k ≥ 1)

}
,

and, for a recurrent source, the sequence qµ(k) tends to 0.

Generating function Qµ(v). The generating function Qµ(v) of the sequence k 7→
qµ(k) is defined as

(18) Qµ(v) =
∑
k≥0

qµ(k) v
k and satisfies Qµ(v) → Eµ[W ], (v → 1−) .

3. Dynamical sources of various types.

We now consider particular sources of the previous Section, created by measured
dynamical systems; we first define this concept in Section 3.1, based on the notion
introduced in [V01], and we introduce in Section 3.2 the notion of generating dynam-
ical sources, associated with measured dynamical systems. The general framework
of Section 2.4 is then transfered in Section 3.3 into the framework of dynamical
sources. We define in particular the Class DR which gives rise to recurrent sources,
then, the Class DRBGC which gathers sources of the Class DR for which the block
source is of Good Class. This Class will be central in dynamical analysis of Sections
5 and 6; it contains an emblematic source, the Farey source described in Section
3.8.

We use the same notations as in Section 2. The alphabet (finite or denumerable)
is denoted by Σ, an infinite word (i.e. an element of ΣN) is denoted by α whereas
a finite word (i.e. an element of Σ⋆) is denoted by w. Moreover, the Lebesgue
measure on the unit interval I = [0, 1] is denoted by τ .

3.1. A class of dynamical systems.

Definition 6. [(Measured) dynamical system.] A dynamical system S = (I, T ) is
defined by four elements

(a) an alphabet Σ (at most) denumerable
(b) a topological partition (Iw)w∈Σ of the unit interval I = [0, 1], namely

a family of disjoint open intervals (Iw)w∈Σ whose closures Iw cover the
interval I.

(c) a coding map σ which is constant and equal to w on each Iw,
(d) a map T defined on the union of open intervals (Iw)w∈Σ, for which each

restriction T |Iw
: Iw →]0, 1[ is strictly monotonic, surjective, of class C2.

The inverse branch hw :]0, 1[→ Iw of the branch T |Iw
is extended into a

map I → Iw also denoted by hw, that is thus of Class C2.

(e) When I is endowed with a probability measure µ, with a strictly positive density
ϕ ∈ C1([0, 1]), this gives rise to a measured dynamical system (I, T, µ).
The dynamical system (I, T ) is called the underlying dynamical system of the mea-
sured dynamical system (I, T, µ)
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There are thus three main hypotheses in the definition: the surjectivity hypothesis
asked for the branch T |Iw

, and two regularity hypotheses, namely the C2 regularity
asked for the branches T |Iw and the C1 regularity asked for the density ϕ. Whereas
it is often asked in this context that measure µ be invariant by T , i.e.,

µ(T−1G) = µ(G) for any measurable set G,

this is not the case here, and, the only hypothesis asked for measure µ is the
hypothesis 6(e) on its density ϕ.

The coding map σ is only defined on the set I \ C where C = {cw | w ∈ Σ}
gathers the subdivision points of the partition (Iw). Each subset T−n(C) is at
most denumerable, and it is the same for their union that is of measure 0 for the
probability µ with a density ϕ ∈ C1. Then, the subsets

I∗
k = I \

⋃k
n=0 T

−n(C), I∗ = I \
⋃

n≥0 T
−n(C),

are measurable sets with a µ-measure equal to 1. Furthermore, the trajectory
T (x) = (x, Tx, . . . T k(x) . . .) of x ∈ I∗ under the dynamical system (I, T ), gives
rises to the encoded trajectories (truncated or not)

Mk(x) = (σ(x), σ(Tx), . . . σ(T k(x)) , M(x) = (σ(x), σ(Tx), . . . σ(Tn(x)), . . .) .

The mapMk is defined on I∗
k , and, due to the surjectivity hypothesis (d), the image

Mk(I∗
k) is the whole set Σk, and M : I∗ → ΣN is a surjection. Moreover, there is

a semi-conjugacy

(19) T ◦M(x) =M ◦ T (x) , (x ∈ I∗)

between the shift T on infinite words defined in Section 2.1 and the map T that
defines the dynamical system : this is why they are denoted (with a slight abuse of
notation) by the same letter T .

With a prefix w = w1w2 . . . wk ∈ Σk, we associate the map hw = hw1 ◦hw2 ◦. . .◦hwk
;

with Item(d) of Definition 6, the map hw is well defined on I and the (closed)
interval Iw = hw(I) is called the fundamental interval relative to prefix w.

Denote by I∗
w the set which gathers the reals x for which the encoded trajectory

M(x) begins with the word w. Then, the set I∗
w is a borelian set which differs

from Iw by a denumerable set of points, and, as the interval I is endowed with
a probability µ that possesses a density ϕ > 0 of Class C1, then the probability
p(w) = pµ(w) that the encoded trajectory M(x) begins with w satisfies p(w) =
µ(I∗

w) = µ(Iw).
Finally, we deal with the sequence P of fundamental partitions,

(20) P = (Pk), Pk = {Iw | w ∈ Σk}, Iw = hw(I) .

We now compare the two settings, the present setting and the setting of Section
2.1. For a clearer comparison, we compare the notions of Section 2.1 defined in (5),
that are now underlined, with their present analogs in (20).

Proposition 7. When a measured dynamical system (I, T, µ) fulfills hypotheses of
Definition 6, it creates a source (ΣN, µ), as in Section 2, denoted as M(I, T, µ).
The measure µ is completely defined by the system (I, T, µ).

Proof. The set I∗ is endowed with µ, and we use the surjective map M : I∗ → ΣN

and the semi-conjugacy in (19) to define a measure µ on ΣN for which the map

M : (I⋆, µ) → (ΣN, µ)

relates the measures of fundamental intervals via the equalities, µ(Iw) = µ(Iw).
Then, the measure µ is now defined on the fundamental domains Iw and extended

on ΣN with Kolmogorov’s Theorem. □
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In the sequel, due to the semi-conjugacy (19), we consider and study Shannon
weights and entropy rate directly on measured dynamical systems, rather on the
dynamical sources they define. We now give main examples:

(a) The Shannon weight (of depth n) of the measured dynamical system (I, T, µ),
denoted as mµ(n), is (by definition) the Shannon weight (of depth n) of the dy-

namical source M(I, T, µ) = (ΣN, µ).
(b) The entropy rate of the measured dynamical system (I, T, µ), denoted as Eµ is
(by definition) – and when it exists– the entropy rate Eµ of the dynamical source

M(I, T, µ) = (ΣN, µ).
(c) The Shannon weight and the entropy rate of the measured dynamical system
(I, T, µ) write in terms of of the measures µ(Iw) = µ(Iw),

(21) mµ(n) =
∑

w∈Σn

µ(Iw) | logµ(Iw)|, Eµ = lim
n→∞

1

n
mµ(n) .

3.2. Generating dynamical systems. The dynamical source M(I, T, µ) is “cre-
ated” from the measured dynamical system (I, T, µ). With the mapping M , the
properties of the dynamical system relative to the measure µ are given to the
dynamical source. But, in this way, it is not clear how to compare –in a topolog-
ical way– the dynamical source M(I, T, µ) with the measured dynamical system
(I, T, µ) itself. We indeed need a supplementary condition:

Definition 8. [Generating dynamical systems] A dynamical system S = (I, T ) is
generating if the sequence P of its fundamental partitions defined in (20) generates
the Borelian σ-algebra FI .

Note that the analog property always holds in the context of Section 2: this is due
to the definition of the σ-algebra F and the definition of the sequence P in (5).

Lemma 9. For any x ∈ I∗, and any n ≥ 1, consider the prefix x⟨n⟩ of length n
of M(x), the fundamental interval In(x) relative to the prefix x⟨n⟩, and denote by
δn(x) the diameter of In(x).
The three assertions are equivalent:

(i) The dynamical system (I, T, µ) is generating ;
(ii) The sequence ηn = sup{δ(Iw) | w ∈ Σn} tends to 0 as n→ ∞ ;
(iii) For any x ∈ I∗, the sequence δn(x) tends to 0 as n→ ∞.

Remark that Assertion (iii) seems weaker than Assertion (ii). But the two asser-
tions are indeed equivalent due to Dini’s Theorem.

Proposition 10. If the dynamical system S = (I, T ) is generating, then:

(a) There exists a continuous map K : ΣN → I∗ for which K ◦M(x) = x.
(b) There is an homeomorphism between the two topological spaces – I∗ en-

dowed with the usual Borel topology, – ΣN endowed with the product topology
of Section 2.

Sketch of proof. (see [PY98] page 42). With α ∈ ΣN, written as α = M(x), asso-
ciate the subset K(α) ⊂ I

K(α) =
⋂

n≥1 In(x).
Now, the following equivalence holds for any pair (α, x) with α =M(x),

K(α) = {x} ⇐⇒ the sequence δn(x) → 0 as n→ ∞ .
When the system is generating, this entails that K is well defined on ΣN, and
satisfies K ◦M(x) = x. Then K is the inverse mapping of M . □
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In the sequel, we will deal a priori with any dynamical source associated (as in
Proposition 7) with a dynamical system –generating or not–. However, generat-
ing dynamical systems S = (I, T ) will be highly interesting here in the context
of entropy. Indeed, the homeomorphism of Proposition 10 allows us to use the
dynamical point of view in the computation of entropy. This is described in the
following proposition that plays an important role in the sequel:

Proposition 11. When a generating dynamical system S = (I, T ) admits an
invariant probability measure µ, then the entropy (rate) of the dynamical source
M(I, T, µ) coincides with the metric entropy of the dynamical system (I, T ), with
respect to its invariant measure µ, denoted as Eµ(S).

Proof. See [PY98] pages 80-90. □

3.3. Dynamical systems in the Class DR. Consider now the particular case of
Definition 6 when the alphabet is Σ = {0, 1}.

Definition 12. Consider a binary dynamical system (I, T ) fulfilling the hypotheses
of Definition 6, the (topological) partition of I into two subintervals I0 =]0, c[ and
I1 =]c, 1[ (with c ∈]0, 1[), and the inverse branches a, b (of Class C2) of the direct
surjective branches A,B of T .
The system is tent shaped if the branch a is increasing and the branch b decreasing,
with a(0) = 0, a(1) = c, b(0) = 1, b(1) = c.
The system (I, T ) belongs to the class DR (for dynamical and recurrent) if the
branches a and b moreover satisfy

∀x ∈ [0, 1], a′(x) > 0, b′(x) < 0; ∀x ∈]0, 1], a′(x) < 1, −1 < b′(x) .
When the branch a satisfies the condition a′(0) = 1, the point 0 is an indifferent
point for the branch a (i.e., a(0) = 0, a′(0) = 1) and this leads to the class DRI.

Figure 1 represents an instance of a tent-shaped system. One finds many instances
of graphs of tent-shaped systems in Section 9.5.

A B

b

a

Figure 1. A tent-shaped dynamical system with its two direct
branches (left) and its two inverse branches (right).

Even if the system (I, T ) is defined via its direct branches (A,B), the paper mainly
deals with inverse branches (a, b) and hypotheses will be asked directly on the
inverse branches, as in the previous Definition 12.

The Mean Value formulae, valid for any (x, y) with 0 ≤ x < y ≤ 1, involve z and
t ∈]x, y[, and

|a(y)− a(x)| = a′(z)(y − x), |b(y)− b(x)| = |b′(t)|(y − x) .

Then, the reals t, z are in ]0, 1[, and 0 < a′(z) < 1, 0 < |b′(t)| < 1. This entails that
the inverse branches a, b of depth one satisfy strict Lipschitz conditions,

(22) ∀(x, y), 0 ≤ x < y ≤ 1 0 < |a(y)−a(x)| < y−x, 0 < |b(y)−b(x)| < y−x.
With an easy recursion, any inverse branch hw (of any depth) is weakly contracting
and satisfies the inequality
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|hw(x)− hw(y)| ≤ |x− y|, 0 ≤ x ≤ y ≤ 1.

For a system (I, T ) of the Class DR, where the absolute values |a′(0)|, |b′(0)| are
strictly less than 1, the real

ρ = max{sup[0,1] |a′|, sup[0,1] |b′|} is strictly less than 1.

In this case, for any measure µ that fulfills Def 6 (e), the measure µ(Iw) satisfies
µ(Iw) ≤ Cρn, for some constant C > 0 and the entropy rate Eµ of the measured
dynamical system (I, T, µ) satisfies Eµ ≥ | log ρ|. Such a system is not really inter-
esting in our context which focuses on systems of zero entropy.

This is why we will focus in the sequel on systems of the class DRI for which the
branch a admits an indifferent point at x = 0, (i.e., satisfies the conditions a(0) =
0, a(0) = 1). In this case, the derivatives (an)′(0) equal 1 for any n. There are two
subcases, the case DRIs (where a′(0) = 1, b′(0) > −1) or the case DRIw (where
a′(0) = 1, b′(0) = −1). In particular, the case DRIw occurs for an emblematic
instance, the Farey source (See Section 3.8).

3.4. Recurrence. The Class DR plays a central role in the recurrence setting, as
it has been described in Section 2.4.

Proposition 13. Consider a dynamical system (I, T ) of the Class DR and the
sequence q(n) = an(1). Denote by τ the Lebesgue measure. Then

(i) The set [W > n] coincindes with the interval [0, q(n)[ and the equality
qτ (n) = q(n) = an(1) holds between the wtd qτ (n) with respect to the
Lebesgue measure and q(n). The level set [W = m] is an interval of I
whose interior is Jm =]q(m), q(m− 1)[.

(ii) The sequence n 7→ q(n) tends to 0 (when n→ ∞)
(iii) Any measured dynamical system (I, T, µ) associated with the dynamical sys-

tem (I, T ) defines a recurrent dynamical source M(I, T, µ).

Proof. (i) The set [W > n] = I0n is written in terms of iterates of the inverse
branch a as [W > n] =]0, an(1)[.

(ii) For any x ∈]0, 1], the sequence an(x) tends to 0: by induction, indeed, the
sequence x 7→ an(x) is non zero and strictly decreasing, due to (22). It is thus
convergent and, as a is continuous, its limit is the only fixed point for a, namely 0.

(iii) Any interval Iw·0n associated with a word w ∈ {0, 1}⋆ is written as

Iw·0n = hw(I0n) = hw([W > n]) = [hw(0), hw(q(n))].

As ϕ ∈ C1, the function F given by F (x) =
∫ x

0
ϕ(t)dt belongs to C2([0, 1]), and

µ(Iw0n) = µ(hw(I0n)) =
∫ hw(q(n))

hw(0)

ϕ(u)du

= F (hw(q(n)))− F (hw(0)) = (hw(q(n))− hw(0))F
′(xw)

with xw ∈]hw(0), hw(q(n))[.
As F is of Class C2, one has |F ′(x)| ≤ A for any x ∈ I and some A. Moreover, the
inverse branch hw is weakly contracting and |hw(0)− hw(q(n))| ≤ q(n). Then the
inequality

µ(Iw0n) ≤ Aq(n)

holds. Thanks to (ii), as n tends to ∞,the measure µ(Iw0n) tends to 0. With
Definition 3, the source M(I, T, µ) is recurrent. □

It is now possible to “transfer” the definitions of Section 2.4 into the context of
Class DR.
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– The wtd qµ(n) = µ[W > n] of the measured dynamical system (I, T, µ) is (by
definition) the wtd µ[W > n] of the dynamical source M(I, T, µ), defined in (17).
– This defines the generating function Qµ(v) of the measured dynamical system
(I, T, µ) as the generating function Qµ(v) of the dynamical source M(I, T, µ) de-

fined in (18).

3.5. Block source. We now associate with a dynamical system (I, T ) of the Class
DR another dynamical system, denoted as (I, T̂ ), called the block dynamical sys-
tem of (I, T ), and defined in the context of Definition 6 as follows. It uses the
level sets defined in Proposition 13 and the fact that the sequence q(n) tends to 0
(n→ ∞) (see Proposition 13(ii)).

Definition 14. [Block dynamical system] When the system (I, T ) belongs to the

Class DR, the block dynamical system (I, T̂ ) is described in the context of Definition
6 as follows:

(a) the alphabet is N
(b) the topological partition is defined by the intervals Jm =]q(m), q(m − 1)[

for m ≥ 1, and the set of subdivision points is Ĉ = {q(n) | n ≥ 0} ∪ {0}.
(c) the coding map σ̂ is constant on each Jm and equals m.

(d) the map T̂ is defined on the union of intervals Jm for m ≥ 1. The inverse

of the restriction T̂m : Jm →]0, 1[ is gm :]0, 1[→ Jm, that is extended into
a map I → [q(m), q(m+ 1)] equal to gm = am−1 ◦ b.

The following proposition (whose proof is clear and thus omitted) now relates the
two notions: block dynamical systems, just defined here and block sources of Section
2, defined in Definition 5.

Proposition 15. [Block source in the context of Class DR] Consider a measured
dynamical system (I, T, µ) whose underlying system (I, T ) belongs to the Class DR.

Then, the dynamical source M(I, T̂ , µ) is the block source of the source M(I, T, µ).

Just like in Section 3.1, the block dynamical system admits a sequence Q = (Qn)
of fundamental partitions, with

(23) Qn = {gm1
◦ gm2

◦ . . . ◦ gmn
(I) | mi ≥ 1} .

The following result describes the impact of the behaviour of the block system on
the system itself.

Proposition 16. Consider a dynamical system S = (I, T ) of the class DR, and

its associated block dynamical system B = (I, T̂ ). If the block dynamical system B
is generating, then the dynamical system S is itself generating.

Proof. We consider an element of I∗ and the sequence δn(x) defined in Lemma
9. Using Lemma 9(iii), we have to prove that the sequence δn(x) tends to 0. As
the sequence n 7→ δn(x) is weakly decreasing, it is enough to build a subsequence
of the sequence δn(x) that tends to 0. Such a subsequence is associated with a
subsequence w(n) of prefixes of M(x) for which δ(Iw(n)

) tends to 0.

As the infinite word M(x) contains an infinite number of ones, located at indices
ij with a stricly increasing sequence j 7→ ij , the sequence in tends to ∞ as n→ ∞.
Consider, for any n, the smallest prefix w(n) of M(x) that contains a number of
ones equal to n. The prefix w(n) is thus written as a concatenation of n blocks, and,
as the block system B is generating, with Lemma 9 Item (ii), limn→∞ δ(Iw(n)

) = 0.
This ends the proof □
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3.6. The Good Class. For a dynamical system (I, T ) of the classDR, each inverse
branch gm = am−1 ◦ b : I → Jm of the block dynamical system is surjective of class
C2. But we need stronger properties for the block dynamical system, and we ask

(I, T̂ ) to belong to the Good Class, which has been already strongly used in [BV05]
and in [CV15]. The definition is now recalled:

Definition 17 (Good Class). Consider a (tent-shaped) dynamical system S, its
block system B, its block fundamental intervals Jm, the set G := {gm = am−1 ◦ b |
m ≥ 1} of inverse branches of depth one, and the set Gn of inverse branches of
depth n.

The block dynamical system B belongs to the Good Class if the following holds

(a) The convergence abscissa of its Dirichlet series ∆(s) =
∑

m≥1 |Jm|s is
stricly less than 1.

(b) The system B is strictly contracting : there exists a contraction ratio η < 1

η = lim supn→∞ ηn, with ηn = max{|g′(x)| | g ∈ Gn, x ∈ I} .
(c) Its inverse branches gm = am−1 ◦ b (of depth one) satisfy the bounded

distortion property,

(24) ∃L ≥ 1, ∀m ≥ 1, ∀(x, y) ∈ I2, one has
1

L
≤
∣∣∣∣g′m(x)

g′m(y)

∣∣∣∣ ≤ L .

There are some important remarks.

– First, a block system of the Good Class is generating: this is due to Property
17(b) and Lemma 9(ii).

– Second, we will prove later on, in Section 8.4, that the block system of a system
of Class DR already satisfies Item(b) – moreover, in a strong sense–. Then, when
we ask a system of the Class DR to have a block system of the Good Class, the
remaining conditions to fulfill are Conditions (a) and (c) of Definition 17. They
play an important role in dynamical analysis of Sections 5 and 6.

3.7. The Class DRBGC. We now define our main class of interest:

Definition 18. [Class DRBGC] This is the class of measured dynamical systems
(I, T, µ) of Definition 6 for which

(a) the system (I, T ) belongs to the class DRI (see Definition 12);

(b) the block system (I, T̂ ) belongs to the Good Class (see Definition 17).

We deal with the Class DRI in Item (a), because we are mainly interested in
systems with zero entropy (See Section 3.3). We recall that there is no hypothesis
asked for the measure µ except that it fulfills hypothesis 6(e) of Definition 6.

3.8. An emblematic instance: the Farey system. The Farey dynamical sys-
tem plays an important role in Number Theory, notably because its block dynamical
system coincides with the Gauss map, as we recall it later on. This also provides
a natural example of dynamical system with intermittent type, that is studied for
instance in Prellberg’s paper [PS92]. We will see that the Farey dynamical system
belongs to the DRIS class, introduced and studied in Section 8, and even to the
Class DRIL of Section 9.

The Farey map T possesses two complete inverse branches a and b{
a : [0, 1] → [0, 1/2] a(x) = x/(1 + x) ,

b : [0, 1] → [1/2, 1] b(x) = 1/(1 + x) .

As the iterates an of the first inverse branch a satisfy an(x) = x/(1 + nx), the
sequence q(n) = an(1) is q(n) = 1/(n + 1) and (an)′(x) = 1/(1 + nx)2. Moreover,
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as the derivative b′ of the second inverse branch b satisfies b′(x) = −1/(1+x)2, the
Farey source thus belongs to the class DRIw.

The block system of the Farey system is defined via the partition Jm = [q(m), q(m−
1)] for m ≥ 1 with q(m) = 1/(m+ 1) and the local inverses gm are gm = am−1 ◦ b.
For any m ≥ 1, the branch am−1(x) equals x/(1 + (m− 1)x), and the equality

am−1 ◦ b(x) = b(x)

1 + (m− 1)b(x)
=

(
1

1 + x

)(
1 + x

1 + x+ (m− 1)

)
=

1

m+ x

proves that am−1 ◦ b coincides with the linear fractional transformation (LFT in
shorthand) gm : x 7→ 1/(m+ x) that is indeed the inverse of the Gauss map on the

interval Jm. One has thus proven that the block map T̂ of the Farey map is the
Gauss map,

T̂ (0) = 0, T̂ (x) =

{
1

x

}
(x ̸= 0) .

Figure 2. The Farey map and the Gauss map

4. Statement of the four main results.

This Section states the four main results of the paper that are all obtained for a
source of the Class DRBGC introduced in Section 3.7. The first main result (The-
orem 19) describes invariant densities, of the block source, and of the source itself.
Section 4.2 states the second main result of the paper (Theorem 20) that relates
the generating functions Nµ and Mµ with the generating function Qµ associated
with the distribution of the waiting time. It can be viewed as a renewal result.
Singularity analysis, described in Section 4.3, performs a round trip between singu-
larities of generating functions and their coefficients. It deals in a natural way with
slowly varying functions precisely described in Section 7.1. Section 4.5 returns to
the mean values of interest, the mean number of ones and the Shannon weights,
and obtains the third main result, stated as Theorem 23. Section 4.6 describes the
path for obtaining sources with prescribed Shannon weights, and gives a summary
of main results obtained later on in Sections 8 and 9.

4.1. The first main result: invariant densities.

Theorem 19. Consider a measured dynamical system (I, T, µ) of the Class DRBGC,
and denote by W the waiting time of symbol one. The following holds

(a) The dynamical system (I, T̂ ) has an invariant probability measure ν with a
strictly positive density ψ in C1([0, 1]) and a finite entropy Eν(B).

(b) The dynamical system (I, T ) admits an invariant function ϕ0, whose asso-
ciated measure

∫
I ϕ0(t)dt equals Eν [W ]. When the mean Eν [W ] is finite,

the measure π associated with ρ = (1/Eν [W ])ϕ0 is an invariant probability
measure and ρ satisfies limx→0 ρ(x) = ∞.
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Theorem 19 will be proven in Section 5.

4.2. The second main result: renewal equations. We study two costs in par-
allel: the Shannon weight m defined in Section 2.2, and the number n of ones
introduced in Section 2.3. The following theorem relates the behaviours of the four
generating functions of interest Nµ(v),Mµ(v), Qµ(v), Qν(v), as the real v → 1−.

Theorem 20. [Generating functions Nµ(v) and Mµ(v)] Consider a measured dy-
namical system S = (I, T, µ) of the class DRBGC, the invariant measure ν of the

block system B = (I, T̂ ), and its finite entropy Eν(B). Denote byW the waiting time
of symbol one, and by Qν(v) the generating functions of the wtd sequence defined

in (18) relative to the invariant measure ν of the block system (I, T̂ ).
Consider the two generating functions –Nµ(v) of number of ones,Mµ(v) of Shannon
weights– resp defined, as in (8), from the number n of ones introduced in Section
2.3 and the Shannon weight m defined in Section 2.2.

The following holds, as the real v tends to 1−,

(A) the dominant behaviours of the two generating functions Nµ(v) and Mµ(v) are
related to the dominant behaviour of the generating function Qν(v),

(25) (1− v)Nµ(v) ∼v→1−
1

(1− v)Qν(v)
, (1− v)Mµ(v) ∼v→1−

Eν(B)
(1− v)Qν(v)

.

(B) Consider the generating function Qµ(v) of the wtd sequence relative to µ; then

(26) the ratio
Qµ(v)

Qν(v)
has a finite limit Dµ as v → 1− and

(27) (1− v)Nµ(v) ∼v→1−
Dµ

(1− v)Qµ(v)
, (1− v)Mµ(v) ∼v→1−

DµEν(B)
(1− v)Qµ(v)

.

The proof of Theorem 20 will be done in Section 6. We first remark that the
dominant behaviours in (25) do not depend on the measure µ. We also give an
interpretation of the first relation in (27) that can be viewed as a renewal equation
between the two generating functions (1−v)Qµ(v) and (1−v)Nµ(v) and the partial
sums of their coefficients.

With Lemma 1, the partial sums of coefficients of the two generating functions
(1− v)Qµ(v) and (1− v)Nµ(v) are resp. equal to qµ(n) and nµ(n) with

(a) qµ(n) = the probability that the waiting time of the set J is at least equal
to n,

(b) nµ(n) = the mean value of the time spent in the set J during the first n
steps.

We now express these gf’s in terms of the set J which gathers the infinite words
which begin with the symbol one. The relations hold

rµ(k) = qµ(k−1)−qµ(k) = µ
[
T−kJ −

(
∪ℓ<kT

−ℓJ
)]
, nµ(k)−nµ(k−1) = µ[T−kJ ] ,

and entail the two equalities

(1− v)Qµ(v) = 1−
∑
k≥1

rν(k)v
k = 1−

∑
k≥1

µ
[
T−kJ −

(
∪ℓ<kT

−ℓJ
)]
vk ,

(1− v)Nµ(v) = nµ(0) +
∑
k≥1

(nµ(k)− nµ(k − 1))vk =
∑
k≥1

µ[T−kJ ]vk .

Then, the renewal equation is

(28)

∑
k≥1

µ[T−kJ ]vk

 ·

1−
∑
k≥1

µ
[
T−kJ −

(
∪ℓ<kT

−ℓJ
)]
vk

 ∼v→1 Dµ .
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In particular, when the initial measure is the invariant measure of the block dy-
namical system, the ratio Dµ equals 1.

Aaronson [A81] obtains (another) renewal equation through the notion of Darling-
Kac sets that is described in Section 6. In the present paper, we directly obtain
the previous renewal relation with the derivatives of the trivariate function Λµ.

4.3. Singularity analysis: Towards the third main result. The general sin-
gularity analysis process relates the asymptotics of a sequence and the behaviour
of its generating function near the dominant singularity. Generally speaking, com-
plex analysis is very often needed. However, in the present context, due to strong
positivity properties, it is enough to deal with real analysis, as we now explain.

We perform a “round trip” between the behaviour (as n→ ∞) of a positive sequence
qµ(n) and the behaviour (as v real tends to 1−) of its generating function Qµ(v)
that we now describe more precisely.

We begin with a (positive) sequence qµ(n) and study the partial sum Q
(µ)
n = qµ(0)+

qµ(1) + . . .+ qµ(n− 1). There are three steps :

(A) [Abelian step] An Abelian Theorem describes the behaviour of the gen-
erating function Qµ(v) when v → 1− along the positive real line from the

asymptotic behaviour of the sequence Q
(µ)
n ;

(B) Using Theorem 20 provides the behaviour of the two generating functions
(1− v)Nµ(v), (1− v)Mµ(v) when v → 1− along the positive real line.

(C) [Tauberian step] We return to the asymptotic estimate of the partial sums of
coefficients of the functions (1−v)Nµ(v), (1−v)Mµ(v) –that resp. coincide
with nµ(n), mµ(n)– via a Tauberian Theorem.

The following central theorem (Theorem 22) provides the Abelian step (A) via its
implication [(2) =⇒ (1)] and the Tauberian step (C) via its implication [(1) =⇒ (2)].
It deals with the set SV of slowly varying functions that is now defined.

Definition 21. A positive function V defined on ]0,∞[ is said to be slowly varying

(a) at infinity if, for any t > 0, one has V (tx)/V (x) → 1 as x→ ∞.
(b) at 0 if x 7→ V (1/x) is slowly varying at infinity.

The set of slowly varying functions at infinity is denoted by SV and the set of slowly
varying functions at zero by SV0.

The sets SV and SV0 of slowly varying functions play an important role in the sequel
of the paper. Main examples of such functions are provided by powers (positive or
negative) of logarithms. Main properties of such functions are described in Section
7.1. See also the book [F71] Section V.III.8 p. 276.

Theorem 22. [P04], [HL23], [K30], revisited in [F71] section XIII.5 p. 447.
Consider a real ρ ≥ 0, a sequence q(n) ≥ 0 and its partial sums Qn = q(0)+ q(1)+
. . . + q(n − 1) together with a function U slowly varying at infinity. Assume that
the generating function Q(v) =

∑
q(n)vn is convergent for v ∈ [0, 1[.

The two assertions (1) and (2), are equivalent

(1) Q(v) ∼1−
1

(1− v)ρ
U

(
1

1− v

)
(2) Qn ∼∞

1

Γ(ρ+ 1)
nρ U(n) .

This strategy of proof “with a round trip” has already been used in different con-
texts. The steps (A) and (C) are similar as here, but the “middle step” (B) is a
relation between two generating functions that may differ from here. For instance,
with a middle step (B) of another flavour, already described at the end of previous
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Section and made more precise in Section 6, Aaronson obtains distributional limit
theorems in Infinite Ergodic Theory [A97].

Here, the step (B) is directly obtained via operations on generating functions.

4.4. Sequences of interest. When dealing with Theorem 22, there are two main
cases, the case when Eν [W ] is finite or the case when it is infinite.
In the case when Eν [W ] is infinite, we are interested in wtd sequences qν(n) which
tend to zero and whose associated series is divergent. We then consider sequences
which are written in terms of sequences of the Class SV as

(29) qν(n) = n−β Vn, Vn = V (n) where V satisfies

(i) V ∈ SV when β ∈]0, 1[;
(ii) V ∈ SV satisfying Vn = Θ((log n)δ) with δ > −1 when β = 1;
(iii) V ∈ SV with Vn → 0 and

∑
k<n Vk → ∞ when β = 0 .

When we wish more explicit results, we focus on sequences qν(n) that satisfy

(30) qν(n) ∼ Kν n
−β(log n)δ ,

where the parameter (β, δ) belongs to the set

(31) ΓQ = (]0, 1[×R)
⋃

({1}×]− 1,+∞[))
⋃

({0}×]−∞, 0[) .

4.5. The third main result. The third main result of the paper relates esti-
mates of number of ones and Shannon weights with estimates of the waiting time
distribution:

Theorem 23. [Number of ones and Shannon weights] Consider a measured dy-
namical system S = (I, T, µ) of the class DRBGC, the invariant measure ν of the

block system B = (I, T̂ ), and the finite entropy Eν(B). Denote by W the waiting
time of the symbol one.

The following holds:

(A) In the case when Eν [W ] is infinite and the distribution qν(n) of the waiting time
W satisfies (29), the average number of ones mµ(n) is o(n), and the asymptotic
estimates hold for the Shannon weights mµ(n),

(32) mµ(n) ∼ Eν(B)nµ(n) .

(B) In the case when Eν [W ] is infinite and the sequence qν(n) satisfies (30), with
a triple (Kν , β, δ) that satisfies (31), then the Shannon weights admit the following
asymptotic estimates

(33) mµ(n) ∼


Eν(B)
Kν

(δ + 1)nβ

(log n)δ+1
(β = 1)

Eν(B)
Kν

1

Γ(β + 1)Γ(1− β)

nβ

(log n)δ
(0 ≤ β < 1)

 .

(C) When Eν [W ] is finite, the average number of ones and the Shannon weights
are of linear order,

(34) nµ(n) ∼
1

Eν [W ]
n, mµ(n) ∼

Eν(B)
Eν [W ]

n ,

the entropy rate Eµ of the source (ΣN, µ) exists, and satisfies Eµ = Eν(B)/Eν [W ].
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We first remark that all the previously described estimates do not depend on the
measure µ. Moreover, with Assertions (A) and (C), and because we are mainly
interested in sources S of zero entropy, we are (mainly) led to sources whose wtd
sequence qν(n) is associated with a series Qν(v) which tends to ∞ as v → 1−.

Second, there exists a heuristics that explains the estimate proven in Assertion (A)
as follows. Consider a random prefix of length n emitted by the source S endowed
with probability µ. This prefix contains an “average” number of ones (and thus
an “average” number of full blocks) equal to nµ(n). Each full block brings an
“average” amount of information equal to Eν(B). Then the total “average” amount
of information brought by a random prefix of length n, equal (by definition) to
mµ(n) satisfies (32). However, we do not succeed in transforming this heuristics
into a direct probabilistic proof. In particular, as the prefix may be not a full block,
its tail is not easy to deal with. The (indirect) analytic proof developed in Sections
6 and 7 is based on the dominant expressions of the generating functions Nµ and
Mµ near v = 1− that both involve a double quasi-inverse (see Eqns (65) and (66)).

Third, Assertion (C) cannot be applied to the invariant measure π of the source
S = (I, T ) studied in Theorem 19. As it is proven in Theorem 19, its density ρ
is infinite at x = 0, and does not belong to C1([0, 1]). If Assertion (C) could be
applied to measure π, this would entail the estimate

mπ(n) ∼ n · Eπ(S), and thus Eπ(S) =
Eν(B)
Eν [W ]

,

the last equality being known as Abramov formula.

The proof of Theorem 23 is provided in Section 7.

4.6. Towards the fourth result. Consider a source S of the Class DRBGC, with
the pair (βQ, δQ) of its wtd sequence that belongs to the set ΓQ defined in (31).
Item (B) of Theorem 23 proves that its Shannon weights are of the general form

(35) mµ(n) = Θ
(
nβM (log n)δM

)
,

where the pair (βM , δM ) is defined from the pair (βQ, δQ) via the injective map
defined on ΓQ,

(36) (Q→M) : (βQ, δQ) 7→ (βM , δM ) with

βM = βQ and [δM = −δQ (βQ < 1) or δM = −(δQ + 1) (βQ = 1)] ,

whose image is

(37) ΓM = (]0, 1[×R)
⋃

({1}×]−∞, 0[)
⋃

({0}×]0,+∞[) .

As we wish to exhibit a source S of the class DRBGC for which Shannon weights
satisfy Eqn (35), our first task is to prove our three main Theorems (Theorem 19,
Theorem 20 and Theorem 23). Then, if we know a source S of the class DRBGC
with a prescribed wtd of pair (βQ, δQ), we may use the mapping described in (36).

In Sections 8 and 9, we will introduce the two following classes DRIS and DRIL
and obtain the following results, along the following main steps:

[Exhibiting a source S with prescribed Shannon weights]

(i) The DRIS Class introduced in Section 8 satisfies the following:
(a) The inclusion DRIS ⊂ DRBGC holds [proven in Theorem 42]; .
(b) For a source of the DRIS(γ) Class, with γ > 1, the expectation Eν [W ]

is infinite. For γ < 1, the expectation Eν [W ] is finite [see Theorem
43];
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(ii) The class DRIL introduced in Section 9 is a subclass of the class DRIS.
A source of the DRIL(γ, δ) Class has a prescribed wtd described in Propo-
sition 48.

(iii) Theorem 49 in Section 9 gives a final answer to our “exhibition”.

5. Generating operators and generating functions. The first main
theorem.

This Section aims at proving Theorem 19 with tools of dynamical analysis. The first
three subsections present the main principles of dynamical analysis, where secant
transfer operators generate probabilities. Then, Section 5.4 provides in Theorem
26 an alternative expression of the trivariate generating function Λµ(v, t, s) for a
dynamical source of Class DR in terms of these secant transfer operators, together
with the secant function S[ϕ] associated with the density ϕ of the measure µ. In
the following of the Section (Section 5.5), the main results on unweighted transfer
operators are first presented, as they are obtained in previous works of Cesaratto
and Vallée [CV15]. These previous works entail that a block source of the Good
Class admits an invariant measure ν; we then focus here on the properties of the
entropy, and prove that the entropy Eν(B) follows the Rohlin formula.
The remainder of the Section is devoted to the proof of Theorem 19(b). .

5.1. Generating operators. For a complex number s ∈ C, we associate with a
map g of class C1(I) the tangent transfer operator Ms⟨g⟩ defined as

Ms⟨g⟩[f ](x) := |g′(x)|s f(g(x)) ,

that transforms a function f defined on I into the function Ms⟨g⟩[f ] defined on I.
In the same vein, the secant transfer operator Ms⟨g⟩

Ms⟨g⟩[F ](x, y) :=
∣∣∣∣g(x)− g(y)

x− y

∣∣∣∣s F (g(x), g(y)) ,
transforms a function F defined on I2 into another function Ms⟨g⟩[F ] defined on
I2, and the equality holds between the two versions of transfer operators,

(38) Ms⟨g⟩[F ](x, x) = Ms⟨g⟩[DiagF ](x), with DiagF (x) = F (x, x) .

We focus on a dynamical system S = (I, T ) as defined in Definition 6, consider
the case when g = hw is an inverse branch (of any depth) associated with a word
w, and use the following notations that insist on the dependence with respect to
words,

(39) Hs⟨w⟩ := Ms⟨hw⟩, Hs⟨w⟩ := Ms⟨hw⟩ .

There are now fundamental morphisms, due to relations

(40) Hs⟨u · w⟩ = Hs⟨w⟩ ◦Hs⟨u⟩, Hs⟨u · w⟩ = Hs⟨w⟩ ◦Hs⟨u⟩ .

The transfer operators of the system (I, T ) are (with their two versions, tangent or
secant)

(41)
∑
w∈Σ

Hs⟨w⟩,
∑
w∈Σ

Hs⟨w⟩ .

5.2. Quasi-inverse (I − Ls,t)
−1. We now focus on binary dynamical systems of

Definition 6. We often replace the symbol 0 by the symbol a, and 1 by b, in order
to deal with more readable formulae, and we use the shorthand notations,

As = Hs⟨a⟩, Bs = Hs⟨b⟩ ,
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with an easy adaptation to the tangent versions. The secant transfer operators of
the system are defined as the sums

(42) Ls = As + Bs, Ls,t = As + tBs .

Here, in the second expression, the formal variable t marks the symbol one.
There is first a formal direct decomposition of the quasi-inverse,

(I − vLs,t)
−1 = (I − v(As + tBs))

−1 = (I − vAs)
−1 ◦ (I − t (vBs ◦ (I − vAs)

−1)−1 ,

that introduces the (weighted) operator

(43) Gv,s = v Bs ◦ (1− vAs)
−1 ,

and leads to the writing

(44) (I − vLs,t)
−1 = (I − vAs)

−1(I − tGv,s)
−1 .

We now introduce another writing of the previous quasi-inverse, using the two costs
defined on Σ⋆, the length |w| of w, and the number n(w) of ones. As each of these
costs is additive6, and due to the morphism (40), it comes

(45) vnLn
s =

∑
w∈Σn

v|w|Hs⟨w⟩, vnLn
s,t =

∑
w∈Σn

v|w|tn(w)Hs⟨w⟩ ,

and the quasi-inverse also writes as

(46) (I − vLs,t)
−1 =

∑
w∈{0,1}⋆

v|w| tn(w) Hs⟨w⟩ .

5.3. The generating function Λµ and the secant S[ϕ]. With costs c ∈ {m,n}
defined in Sections 2.2 and 2.3, we associate the expectation cµ(k) as in Eqn (7) and
the generating function Cµ(v) as in Eqn (8). We look for alternative expressions of
the two generating functions Mµ, Nµ. In this way, their dominant behaviour (their
behaviour near their dominant singularity) becomes apparent, and, via singularity
analysis, we relate the asymptotics of the two sequences mµ(k) and nµ(k) (k → ∞)
with the dominant behaviours of Mµ and Nµ.

In order to obtain alternative expressions for functions Nµ and Mµ, it proves con-
venient to first deal with the following trivariate generating function

(47) Λµ(v, t, s) =
∑

w∈{0,1}⋆

v|w| tn(w) pµ(w)
s ,

where, as previously, the variable v marks the length |w| of the word w (its number
of symbols), and the variable t marks the number of ones in w. We remark the easy
(and useful) equality,

(48) Λµ(v, 1, 1) =
∑
n≥0

vn
∑

w∈{0,1}n

pµ(w) =
∑
n≥0

vn =
1

1− v
.

Assume that we have obtained, in the case of a source of interest, an alterna-
tive expression for Λµ. The two generating functions Nµ,Mµ are indeed (formal)
derivatives of the function Λµ,

(49)


Nµ(v) =

∑
w∈{0,1}⋆

v|w| n(w) p(w) =
∂

∂t
Λµ(v, t, s)|s=1,t=1 ,

Mµ(v) =
∑

w∈{0,1}⋆

v|w| | log p(w)| p(w) = − ∂

∂s
Λµ(v, t, s)|s=1,t=1 ,


and the alternative expression for Λµ may be used to obtain expressions for gener-
ating functions Mµ and Nµ.

6For two words w and w′, one has |w · w′| = |w|+ |w′|, and n(w · w′) = n(w) + n(w′)
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We have already obtained alternative expressions for the quasi-inverse (I −Ls,t)
−1

in Eqn (44) and (46). We now return to the function Λµ(v, t, s) itself, with the
expression (47), and wish to obtain an alternative expression of Λµ.

When µ is a measure of density ϕ, this is the role of the function S[ϕ]:

Definition 24. [The function S[ϕ]] With a function ϕ strictly positive that belongs
to C1([0, 1]), one associates the function S[ϕ] defined on [0, 1]2 by

(50) S[ϕ](x, y) =
1

y − x

∫ y

x

ϕ(t)dt (x ̸= y), S[ϕ](x, x) = ϕ(x) .

Remark that the equality also holds

S[ϕ](x, y) =

∣∣∣∣ 1

y − x

∫ y

x

ϕ(t)dt

∣∣∣∣ .
We now explain how this function S[ϕ] intervenes in the expression of the trivariate
function Λµ and how it is involved in Shannon weights. We also describe its main
properties:

Lemma 25. [Generating operators and Shannon weights.] Consider a measured
dynamical system (S, µ) that satisfies Definition 6, together with its associated
transfer operators. The following holds:

(a) The secant operator Hs⟨w⟩ is a generating operator for the fundamental
intervals Iw:

µ(Iw)s = Hs⟨w⟩[Ss[ϕ]](0, 1) .

(b) There is an alternative expression for the function Λµ,

Λµ(v, t, s) = (I − Ls,t)
−1[Ss[ϕ]](0, 1) .

(c) The Shannon weights of the source (S, µ) are expressed with the transfer
operator Ls of S defined in (41),

mµ(n) = − d

ds

(
Ln
s [[S

s[ϕ]]

)∣∣∣
s=1

(0, 1) ;

(d) When ϕ is strictly positive and belongs to C1([0, 1]), the function S[ϕ] be-
longs to C1([0, 1]2) with a norm7

||Ss[ϕ]||0 ≤ rsϕ, ||D(S[ϕ]s)||0 ≤ s rs−1
ϕ ||ϕ′||0,

that involves the constant rϕ = max(||ϕ||0, ||1/ϕ||0).

Proof. Item (a) With the definition of the function S[ϕ] and operators Hs⟨w⟩, one
has, for (x, y) = (0, 1)

Hs⟨w⟩[Ss[ϕ]](0, 1) = |hw(0)− hw(1)|s [Ss[ϕ]](hw(0), hw(1))

= |hw(0)− hw(1)|s
∣∣∣∣ 1

hw(0)− hw(1)

∣∣∣∣s
∣∣∣∣∣
∫ hw(1)

hw(0)

ϕ(u)du

∣∣∣∣∣
s

=

∣∣∣∣∣
∫ hw(1)

hw(0)

ϕ(u)du

∣∣∣∣∣
s

= µ(Iw)s.

Item (b) Clear with (46).

Item (c) The n-th Shannon weight is (by definition) the entropy of the fundamental
partition Pn. With Eqn (21) and Item (a), one has∑

w∈{0,1}n

µ(Iw)s =
∑

w∈{0,1}n

Hs⟨w⟩[Ss[ϕ]](0, 1) = Ln
s [S

s[ϕ]](0, 1) ,

and taking the (formal) derivative with respect to s leads to Item (c).

7The norm || · ||0 is the norm sup and the norm ||F ||1 on C1([0, 1]2) is ||F ||1 = |||F ||0+ ||DF ||0
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Item (d) The function F defined by F (x) =
∫ x

0
ϕ(t)dt belongs to C2([0, 1]) and

satisfies F ′(x) = ϕ(x). For x ̸= y, one has

D(S[ϕ]s)(x, y) = s S[ϕ]s−1D(S[ϕ])(x, y),

and, with the Mean Value Theorem,

∂

∂x
S[ϕ](x, y) =

1

(y − x)2
(F (y)− F (x)− (y − x)F ′(x)) = 1

2F
′′(t) = 1

2ϕ
′(t)

for some t ∈]x, y[. This entails8, for any pair (x, y) with x ̸= y,

|D(S[ϕ])(x, y)| ≤ ||ϕ′||0.
At the point (x, x) of the diagonal, one has, with the Mean Value Theorem, with
possibly x = 0 and any z,

S[ϕ](z, x)− S[ϕ](x, x) =
1

(z − x)
(F (z)− F (x)− (z − x)F ′(x)) = 1

2 (z − x)F ′′(t)

with some t ∈]z, x[. This entails the continuity of S[ϕ] at point (x, x) together with
the bound, for any (x, x),

|D(S[ϕ])(x, x)| ≤ ||ϕ′||0.
□

5.4. Alternative expression for Λµ. We give a summary of the results we have
obtained in the previous subsections:

Theorem 26. [Alternative expressions for a measured dynamical system (I, T, µ)
of the Class DR] Consider a dynamical system (I, T ) of the Class DR, and denote
by Ls,Gv,s,As the various associated transfer operators. The following holds

(a) There is a relation between the three (secant) quasi-inverses,

(51) (I − vLs,t)
−1 = (I − vAs)

−1 ◦ (I − tGv,s)
−1 ,

and a similar expression for the tangent quasi-inverses.
(b) The trivariate generating function Λµ involves the sequence q(n) = an(1),

together with the function S[ϕ],

Λµ(v, t, s) = (I − vLs,t)
−1[Ss[ϕ]] (0, 1) =

∑
n≥0

vn q(n)s (I − tGv,s)
−1[Ss[ϕ]] (0, q(n)) .

Proof. We have already proven the first expression of Item (b). We now focus on the
second one: The iterate An

s satisfies, for a function L defined on I2 and (x, y) ∈ I2,

An
s [L](x, y) =

∣∣∣∣an(x)− an(y)

x− y

∣∣∣∣s L(an(x), an(y)) .
The branch an satisfies an(0) = 0 and an(1) = q(n); thus, An

s [L](0, 1) together with
(I − vAs)

−1[L](0, 1) are expressed with the sequence q(n) as

An
s [L](0, 1) = q(n)s L(0, q(n)), (I − vAs)

−1[L](0, 1) =
∑
n≥0

vn q(n)s L(0, q(n)) .

□

This expression of Λµ(s, v, t) will be the starting point of our further analysis, done
in the sequel of this Section and in the next Section 6.

8We use the norm |D(G)(x, y)| = | ∂
∂x
G(x, y)|+ | ∂

∂y
G(x, y)|
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5.5. Properties of the operators for a source of the Good Class. Our main
final interest is the study of the (weighted) operator Gv,s defined in (43) for a real
v ≤ 1 and s > s0 (where s0 is the convergence abscissa of the Dirichlet series ∆(s)).
The operator Gv,s is an extension of the (unweighted) secant operator G1,s, also
denoted as Gs, and defined as

Gs[F ](x, y) =
∑
m≥1

∣∣∣∣gm(x)− gm(y)

x− y

∣∣∣∣s F (gm(x), gm(y)) ,

in terms of the inverse branches gm = am−1 ◦ b. With Definition (41), the operator
Gs is the secant transfer operator of the block dynamical system B. When the
system B belongs to the Good Class (see Definition 17), the operator Gs is deeply
studied in the paper [CV15]. This paper first relates the secant operator Gs to the
(classical) tangent operator

Gs[f ](x) =
∑
m≥1

|g′m(x)|s f(gm(x)) ;

it uses the equality (38) that proves that the tangent operator coincides with the
secant operator on the diagonal. The paper [CV15] considers the case when the op-
erators resp. act (for the tangent operator) on the functional space C1(I), endowed
with the norm

||f || = ||f ||0 + ||f ′||0, ||g||0 = sup
x∈I

||g(x)|| ,

and (for the secant operator) on C1(I × I), endowed with the norm

||F || = ||F ||0 + ||DF ||0, ||G||0 = sup
(x,y)∈I2

||G(x, y)|| ,

and relates its spectral properties on these respective spaces.

In its Theorem 5.1, the paper [CV15] deals with the notion of quasi-compacity9; it
states, for the operators Gs and Gs, dominant spectral properties and relates the
dominant spectral properties of Gs to these of Gs. We easily extend Theorem 5.1 of
[CV15] to the weighted version of the operators for 0 ≤ v ≤ 1. We also explicitely
state in Item (iii) the existence of an invariant density.

Proposition 27. Consider a dynamical system B of the Good Class and real pairs
(v, s) with 0 ≤ v ≤ 1, s > s0, where s0 is the convergence abscissa of the Dirichlet
series ∆(s). The following holds for the weighted secant operator Gv,s

(i) The operator Gv,s acts on the space C1(I2) and is quasi-compact.
(ii) The decomposition holds

Gv,s = λ(v, s)Pv,s +Qv,s ,

where λ(v, s) is the dominant eigenvalue of Gv,s, Pv,s is the dominant pro-
jector and Qv,s is the remainder operator of the operator Gv,s.

(iii) The two dominant eigenvalues (resp. relative to Gv,s and Gv,s) are equal.
At (v, s) = (1, 1) the dominant eigenvalue λ(v, s) equals 1; the two dominant
eigenfunctions, the density ψ = ψ1,1 on I and the density Ψ = Ψ1,1 on I2

are invariant by G1 (resp. G1) and the measure ν of density ψ is invariant

by the block map T̂ . Moreover, the equalities hold

(52) Ψ(0, 1) = 1, P1,1[F ](x, y) = I[F ] Ψ(x, y) . with I[F ] =

∫
I
F (t, t)dt .

9An operator is quasi-compact if the upper part of its spectrum is only composed with eigen-
values of finite multiplicity.



SHANNON WEIGHTS FOR DYNAMICAL SOURCES 27

Proof. Items (i), (ii) and and (iii) are easy extensions of their analogs in Theorem
5.1 of the paper [CV15]: Using Lasota Yorke inequalities that hold for operator
Gv,s when v ≤ 1 and s > ρ entails Hennion’s Property and quasi-compacity.

□

5.6. Entropy of the block source. We give in the next proposition a detailed
proof of the properties of the entropy of the source B that were not made completely
precise in [CV15]. Together, the two propositions 27 and 28 provide a proof for
Assertion (a) of Theorem 19.

Proposition 28. [Entropy of the block source] The source B admits an entropy
with respect to the invariant measure ν that satisfies

Eν(B) = −λ′(1) =
∫ 1

0

Ĝ1[ψ(t)dt <∞, Ĝ1 =
d

ds
Gs

∣∣
s=1

.

Proof. We begin with the expression of Shannon weights (of the source B) given
in Lemma 25 (b). It involves the transfer operator Gs of the system B, and more
precisely the derivatives s 7→ (d/ds)(Gn

s ) of its iterates at s = 1. As B is of Good
Class, its transfer operator Gs has, on a real neighborhood of s = 1, a dominant
eigenvalue λ(s) with λ(1) = 1 together with a spectral gap. Then, with Eqn (52)
and Lemma 25(a), the decomposition holds on this neighborhood,

Gn
s [S

s[ϕ]](0, 1) = λ(s)n P1,1[S[ϕ]](0, 1) (1 +O(ρn)) = λ(s)n (1 +O(ρn)) ,

where the O is uniform on this neighborhood. Then, using Lemma 25(c) and taking
the derivative at s = 1 leads to the estimate of Shannon weights of the source B,

mµ(n) = −nλ′(1) (1 +O(ρn)) .

Then, for any measure µ with a strictly positive density of Class C1, the entropy
rate Eµ of the block source exists, does not depend on µ and coincides with −λ′(1).
We now apply Proposition 11 in this context. The system B is generating, and
with Proposition 27 Item(iii) it admits an invariant measure (namely, the measure
ν of density ψ). Then, with Proposition 11, the entropy rate Eν = −λ′(1) coincides
with the metrical entropy Eν(B) of the block dynamical system B.
We now prove the equality

(53) λ′(1) =

∫
I
Ĝ1[ψ](t)dt ψ the invariant density of B ,

that is known as the Rohlin Formula. We begin with the perturbative equation

Gs[ψs] = λ(s)ψs

relative to the eigenvalue λ(s), together with its eigenvector ψs with the normali-
sation

∫
I ψs(t)dt = 1. We have ψ1 = ψ and λ(1) = 1. We consider its derivative

with respect to s at s = 1 and take the integral on I. We first obtain, two terms,
resp. equal to∫ 1

0

(
d

ds
Gs|s=1

)
[ψ](t)dt and

(
d

ds
λ(s)|s=1

)∫ 1

0

ψ(t)dt = λ′(1) .

There are of course two other terms in the derivative at s = 1, one for the left
member and one for the right member, resp. equal to∫ 1

0
G1

[
ψ
]
(t)dt and

∫ 1

0
ψ(t) dt , with ψ := (d/ds)ψs|s=1,

and indeed equal, as the operator G1 is a density transformer.

There is another expression (more classical) for the Rohlin formula, when applied

to a system B of the Good Class associated with a shift T̂ ,

Eν(B) =
∫
I log |T̂ ′(x)|ψ(x)dx ,
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where ψ is the invariant density of the operator G1. The previous expression
coincides with (53) due to the change of variables x = gm(u) on each interval Jm.

□

5.7. Invariant measure for a source in the Class DRBGC. We now wish to
prove Assertion (b) of Theorem 19. We mainly use (tangent) transfer operators (all
taken at s = 1) defined in Section 5.1, we omit the index s, and we notably deal
with the operators L ,A ,B ,G .
We recall the decomposition obtained in Section 5.1

(54) (I − L)−1 = (I −A)−1 ◦ (I −G)−1, G = B ◦ (I −A)−1 .

Proposition 29. Consider a source S of the DRBGC Class, whose block source B
admits the invariant density ψ and the invariant probability ν. Then,

(i) the function ϕ0 = (I − A)−1[ψ] is invariant by the operator L. Its asso-
ciated measure has a total mass equal to Eν [W ]. When the mean Eν [W ]
is finite, this leads to an invariant probability measure π with density ρ =
(1/Eν [W ])ϕ0, which satisfies limx→0 ρ(x) = +∞.

(ii) The following equalities relate the probability measure ν of density ψ and
the probability measure π associated with ρ, for any k ≥ 0,

ν[T−kJ ] = π[J ∩ T−k−1(J )], J = b(I) .

There is a proof for Item (i) in [S95], pages 120-121 (Theorem 17.1.3). Dealing here
with the fundamental decomposition described in (54) and densities, we now de-
scribe a direct and simple proof of these results, which moreover uses easy relations
between various sets collected in the following lemma (whose proof is omitted):

Lemma 30. Consider a source S of the DR Class, with J = b(I) and the waiting
time W of symbol one. For X ⊂ I, there are easy relations :

(a) T−kJ ∩ [W > k] = [W = k + 1] k ≥ 0
(b) an(X) = T−nX ∩ [W > n]
(c) b(X) = J ∩ T−1(X)

Proof of Proposition 29 .

Item (i). With Relation (54), the function ρ = (I −A)−1[ψ] satisfies

(I − L)[ρ] = (I −G)(I −A)[ρ] = (I −G)[ψ] = 0

and it is thus invariant by L. For any y ∈ [0, 1], one has

ρ(y) =
∑∞

n=0 A
n[ψ](y) =

∑∞
n=0(a

n)′(y)ψ(an(y)) .

As the system (I, T ) belongs to the class DRI defined in Definition 12, the branch
a has an indifferent point at 0 i.e., a(0) = 0, a′(0) = 1, and, as already mentioned
in Section 3.3, the derivatives (an)′(0) are all equal to 1, and ρ(0) = +∞. This
implies that ρ cannot be of class C1 on I.
Moreover, for any X ⊂ I, the equalities hold∫

X
ρ(y)dy =

∑∞
n=0

∫
X
An[ψ](y) dy =

∑∞
n=0

∫
an(X)

ψ(t) dt =
∑∞

n=0 ν(a
n(X)) .

Furthermore, Lemma 30(b) with X = I entails the equalities∫
I ρ(y)dy =

∑∞
n=0 ν[W > n] = Eν [W ],

and, with Lemma 30(a), the relation π(J ) = 1− ν[W = 0] = 1 holds.

Item (ii) With Lemma 30(c), for any k ≥ 0 and Y = T−kJ , the relation holds

b(Y ) = J ∩ T−(k+1(Y ).
Moreover the relation B[ρ] = ψ entails the equality ν(Y ) = π(b(Y )), and thus (iii).

□
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This Section has provided a proof for Theorem 19. We now deal, in the next Section,
with the proof of our second main result, Theorem 20.

6. Dynamical analysis: Proof of the second main result.

This Section provides a proof for Theorem 20. Theorem 26 leads to study in Section
6.1 the behaviour of the quasi-inverse v 7→ (I−Gv,1)

−1 as v → 1−. Via Perturbation
theory, it is related later in Proposition 32 of Section 6.2 to the behaviour of v 7→
1 − λ(v, 1) (as v → 1−). With these two estimates, we study, as v → 1−, the
generating functions Nµ and Mµ. This leads to the final part of the proof of
Theorem 20.

6.1. Perturbation of the transfer operator as v → 1−.

Proposition 31. [Perturbation as v → 1−] The notations are the same as in
Proposition 27. For a function F of class C1(I2), we denote

I[F ] =
∫
I F (u, u)du.

When I[F ] is non zero, the following estimate holds for the quasi-inverse,

(I −Gv,1)
−1[F ](x, y) =

I[F ]

1− λ(v, 1)
Ψ(x, y)

(
1 + δ(v)||F ||

)
, δ(v) → 0 (v → 1−) .

Proof. For a real v with 0 ≤ v < 1, using the relations

P2
v,1 = Pv,1, Pv,1 ◦Qv,1 = Qv,1 ◦ Pv,1 = 0 ,

the spectral decomposition of Gv,1 described in Proposition 27 (ii) leads to the
decomposition of the quasi-inverse, for F ∈ C1(I2),

(55) (I −Gv,1)
−1[F ] =

λ(v, 1)

1− λ(v, 1)
Pv,1[F ] + Rv,1[F ], Rv,1 = (I −Qv,1)

−1 .

We now let v → 1− and use a version of Abel’s Continuity Theorem on Banach
spaces.

Abel’s Continuity Theorem on Banach spaces. On a Banach space A, consider a
series G(v) =

∑
m≥1 v

mGm which involves a sequence Gm ∈ A and assume that

the series G(v) is convergent in A for v real in [0, 1]. Then limv→1− G(v) = G(1) .

We apply the previous result to the operator G(v) = Gv,1 on the Banach space of
the operators which act on C1(I2). This proves that the operator Gv,1 tends to
G1,1 as v → 1−.

Via the theory of continuous perturbation, [see for instance [K80] Theorem 3.16,
page 212], the three spectral elements λ(v, 1), Pv,1 and Qv,1 of Gv,1 satisfy the
following, as v → 1−

λ(v, 1) tends to λ(1, 1) = 1, Pv,1 tends to P1,1 and Qv,1 tends to Q1,1,

and thus δ(v) = sup
[
(λ(v, 1)− 1), ||Pv,1 − P1,1||, ||Qv,1 −Q1,1||

]
→ 0 .

Due to the spectral gap, the operator (1 − Q1,1)
−1 has a norm at most 1/(1 − ρ).

with ρ < 1. If we choose v close enough to 1, so that the operator Qv,1 −Q1,1 has
a norm δ(v) with δ(v) < (1− ρ) then, the decomposition

Rv,1 − R1,1 = (I −Q1,1)
−1
[(
I + (Qv,1 −Q1,1) (I −Q1,1)

−1
)−1 − I

]
entails the bound ||Rv,1 − R1,1|| = O(δ(v)) .

Finally, using Eqn (52), the equality P1,1[F ](x, y) = I[F ]Ψ(x, y) holds, and the
decomposition given in (55) entails the estimate

(56) (I −Gv,1)
−1[F ](x, y) =

λ(v, 1)

1− λ(v, 1)
I[F ] Ψ(x, y) +

δ(v)

1− λ(v, 1)
ϵ(v, F )
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with ϵ(v, F ) = ||F || (1 + ||R1,1||+O(δ(v)) ) = O(||F ||) .
This ends the proof. □

6.2. Behaviour of 1− λ(v, 1) as v → 1−. The previous result leads to study the
dominant behaviour of 1 − λ(v, 1) as v → 1−. We relate this dominant behaviour
to the dominant behaviour of Qν(v) as v → 1−.

Proposition 32. The ratio

(57) D(v) =
1− λ(v, 1)

1− v
satisfies D(v) ∼v→1− Qν(v) (v → 1−),

and involves the generating function Qν(v) of the wtd sequence (wrt to the invariant
measure ν of the block source). When Qν(1) <∞, the map v 7→ λ(v, 1) is derivable
on the left at v = 1, with a derivative equal to Qν(1).

Proof. We begin with the expression of Theorem 26, at (t, s) = (1, 1), with a
measure µ of density ϕ

Λµ(v, 1, 1) =
∑
n≥0

vn q(n) (I −Gv,1)
−1[S[ϕ]](0, q(n)) .

Proposition 31 describes the dominant part of the quasi-inverse (I − Gv,1)
−1 as

v → 1− and leads to the following estimate,

(58) Dom (1−)Λµ(v, 1, 1) =
D̃(v)

1− λ(v, 1)
, D̃(v) =

∑
n≥0

vnq(n)Ψ(0, q(n)) .

It involves the invariant density Ψ of G1 that extends the invariant density ψ of
G1. On the other hand, the equality described in Eqn (48) introduces D(v) defined
in (57) and proves with (58) the estimate

(59) D(v) ∼v→1− D̃(v) .

As the function Ψ belongs to C1(I2) and the sequence q(n) tends to zero, the
sequence Ψ(0, q(n)) satisfies

Ψ(0, q(n)) = Ψ(0, 0) +O(q(n)),

and, as Ψ(0, 0) = ψ(0) is strictly positive, the estimate holds

(60) D̃(v) = ψ(0)Qτ (v) +O (R(v)) R(v) =
∑
n≥0

q(n)2vn ,

and involves the generating function Qτ (v) of the wtd sequence with respect to the
uniform measure τ .

There are now two cases for the estimate of D̃(v) as v → 1− obtained in Eqn (60),

and we prove in each case the estimate D̃(v) ∼v→1− Qν(v).

First Case: Qτ (v) → ∞ as v → 1−. As q(n) → 0, the sequence q(n)2 is o(q(n)).
Then Lemma 34 Item (i) applies and the series R(v) in (60) is o(Qτ (v)) as v → 1−.
This entails, with (60),

(61) D̃(v) ∼v→1− ψ(0)Qτ (v) .

Furthermore, Lemma 34 Item (ii)(b) entails the estimate Qν(v) ∼v→1− ψ(0)Qτ (v),

and the estimate D̃(v) ∼v→1− Qν(v) holds.

Second Case: Qτ (1) < ∞. Then (60) entails that D̃(1) < ∞ too, and, with (59),

the equality D(1) = D̃(1) holds. We now prove the estimate

D̃(1) = Qν(1) = Eν [W ].
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In this case, the map v 7→ λ(v, 1) is derivable on the left at v = 1. We denote by ψv,1

the eigenfunction of Gv,1 relative to the eigenvalue λ(v, 1), with the normalisation∫
I ψv,1(t)dt = 1; we consider the perturbative equation

(62) Gv,1[ψv,1] = λ(v, 1)ψv,1 ,

and its derivative with respect to v for v < 1; we take the integral on I, and finally
we let v = 1. We first obtain, at v = 1, two terms, resp. equal to

(63)

∫ 1

0

(
d

dv
Gv,1|v=1

)
[ψ](t)dt and

(
d

dv
λ(v, 1)|v=1

)∫ 1

0

ψ(t)dt = D(1) .

One has∫ 1

0

Gv,1[ψ](t)dt =
∑
m≥1

vm
∫ 1

0

|g′m(t)|ψ ◦ gm(t)dt =
∑
m≥1

vm
∫
Jm

ψ(u)du ,

with Jm = [W = m]. Then the first term in (63) is∫ 1

0

(
d

dv
Gv,1|v=1

)
[ψ](t) =

∑
m≥1

mν[W = m] = Eν [W ].

There are of course two other terms in the derivative at v = 1 of Eqn (62), one for
the left member and one for the right member, resp. equal to∫ 1

0
G1

[
ψ
]
(t)dt

∫ 1

0
ψ(t) dt , with ψ := (d/dv)ψv,1|v=1,

and indeed equal, as the operator G1 is a density transformer. □

In the previous two Sections, along the proof of Propositions 31 and 32, we have
shown the two estimates as v → 1−

(64) (I −Gv,1)
−1[F ](x, y) ∼ I[F ]

Ψ(x, y)

(1− v)Qν(v)
,
∑
n

q(n)vnΨ(0, q(n)) ∼ Qν(v) .

They involve the gf Qν(v) of the wtd sequence wrt to the invariant measure ν of
the block source, and the invariant density Ψ of the operator G1 with Ψ(0, 1) = 1.

6.3. Study of the generating functions Nµ and Mµ as v → 1−. Starting with
the expression of Λµ obtained in Theorem 26,

Λµ(v, t, s) =
∑
n≥0

q(n)s vn (I − tGv,s)
−1[S[ϕ]s](0, q(n)) ,

the expressions of the two generating functions Nµ and Mµ are obtained with
derivatives, as already mentioned in Eqn (49): for Nµ, the derivative of Λµ(v, t, 1)
with respect to t (at t = 1); for Mµ, the derivative of Λµ(v, t, s) (with respect to s,
at (t, s) = (1, 1). This leads to the expressions

(65) Nµ(v) =
∑
n≥0

q(n) vn (I −Gv,1)
−2 ◦Gv,1[S[ϕ]](0, q(n)) ,

(66) Mµ(v) =M [0]
µ (v) +M [1]

µ (v) +M [2]
µ (v), with



M
[0]
µ (v) =

∑
n≥0

q(n) vn (I −Gv,1)
−1[S[ϕ] logS[ϕ]](0, q(n)) ,

M
[1]
µ (v) =

∑
n≥0

q(n) log q(n) vn (I −Gv,1)
−1[S[ϕ]](0, q(n)) ,

M
[2]
µ (v) =

∑
n≥0

q(n) vn (I −Gv,1)
−1 ◦ Ĝv,1 ◦ (I −Gv,1)

−1[S[ϕ]](0, q(n)) .


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Here, Ĝv,1 stands for the operator (∂/∂s)Gv,s|s=1, ϕ is the initial density, and the
operator S is defined in (50).

We first explain the general principles of the analysis: Any of the four expressions
above, in (65) or in (66), presents the same structure, with two possible cases (I)
or (II),∑

n≥0

q(n) vn Tv[F ](0, q(n)) (I) or
∑
n≥0

q(n) log q(n)vn Tv[F ](0, q(n)) (II) ,

and involves an operator Tv and a function F . We first perform an “inner” step
and replace the operator Tv by its dominant spectral part as v → 1−: using here
the first estimate of Eqn (64), we obtain an estimate of the form

Tv[F ](0, q(n)) ∼
I[F ]

τ(v)
Ψ(0, q(n)),

which associates with the operator Tv a function τ(v) which will be described later,
in each case of interest. Collecting all these spectral estimates together, we obtain,
for each expression in (65) or in (66), a global estimate of the form

I[F ]

τ(v)

∑
n≥0

q(n) vn Ψ(0, q(n))

 (I) or
I[F ]

τ(v)

∑
n≥0

q(n) log q(n) vn Ψ(0, q(n))

 (II).

In each case, this global estimate satisfies

(67)
I[F ]

τ(v)
Qν(v) (I), or O

(
H(v)

τ(v)

)
with H(v) =

∑
n

q(n) log q(n)vn (II).

We now make the computations precise, and derive a precise expression of the term
τ(v) associated with the operator Tv. We obtain

Proposition 33. Consider a dynamical system of the Class DRBGC. The follow-
ing estimates hold for the generating functions Nµ(v) and Mµ(v) and involve the
generating function Qν(v) of the wtd sequence (wrt to the invariant measure ν of
the block source),

(68) (1− v)Nµ(v) ∼v→1−
1

(1− v)Qν(v)
;

(69) (1− v)Mµ(v) ∼v→1− I[S[ϕ] logS[ϕ]] +O

(
H(v)

Qν(v)

)
+

E(B)
(1− v)Qν(v)

.

Proof. We study each of the four terms of interest.

Term Nµ. The operator Tv equals (I−Gv,1)
−2◦Gv,1 and it is applied to F = S[ϕ].

Then, with Eqn (64),

Dom(1−)(I −Gv,1)
−2 ◦ Gv,1[S[ϕ]] =

Ψ

(1− v)2Qν(v)2
,

and τ(v) = (1 − v)2Qν(v)
2. With (67), this leads to the estimate of (1 − v)Nµ(v)

given in (68).

Terms M
[0]
µ (v) and M

[1]
µ (v). For the two terms M

[0]
µ (v) and M

[1]
µ (v), the operator

Tv equals (I −Gv,1)
−1 and the function τ(v) equals (1− v)Qν(v). Then, with Eqn

(64) and Eqn (67),

Dom(1−)(1− v)M [0]
µ (v) = I[S[ϕ] logS[ϕ]] .

For the term M
[1]
µ (v), we are in case (II), and with Eqn (67), we obtain

(70) Dom(1−)(1− v)M [1]
µ (v) = O

(
H(v)

Qν(v)

)
, H(v) =

∑
n≥0

vnq(n) log q(n) .
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TermM
[2]
µ (v). The termM

[2]
µ (v) deals with the operator Tv which contains a double

quasi-inverse,

(71) (I −Gv,1)
−1 ◦ Ĝv,1 ◦ (I −Gv,1)

−1

and we use two times the spectral decomposition (I −Gv,1)
−1 given in Proposition

31. With the decomposition of the operator Ĝv,1 “in the middle”, as

(72) Ĝv,1 = a(v)Pv,1 + b(v)Qv,1 , and thus Ĝv,1 ◦ Pv,1 = a(v)Pv,1 ,

the function a(v) has thus a limit a(1) as v → 1− that satisfies, with Proposition
27 (iv),

a(1) = a(1)P1,1[Ψ] = P1,1 ◦ Ĝ1,1[Ψ] =

∫ 1

0

Ĝ1[ψ](t)dt = Eν(B) .

Then, the dominant term associated with the operator in (71) satisfies with (64)

Dom (1−)

[
(I −Gv,1)

−1 ◦ Ĝv,1 ◦ (I −Gv,1)
−1
]
[S[ϕ]] =

Eν(B)
(1− v)2Qν(v)2

Ψ

and Dom (1−)

[
(1− v)M [2]

µ (v)
]
=

Eν(B)
(1− v)Qν(v)

.

The third estimate of Proposition 33 holds.
□

6.4. End of the proof of the second main result. For (1−v)Nµ, Proposition 33
provides the same estimates as in Assertion (A) of Theorem 20. For (1− v)Mµ(v),
Proposition 33 provides estimates that are different from Assertion (A) of Theorem
20 : in particular, the first two terms in (69) do not appear in the estimate of
Theorem 20.

The following lemma proves that the estimates obtained in Proposition 33 and in
Assertion (A) of Theorem 20 coincide. It also proves Assertion (B) of Theorem 20.

Lemma 34. (i) Consider two sequences a(n), b(n) > 0 and the associated generat-
ing functions A(v) and B(v). Assume that the sequences a(n) and b(n) satisfy

a(n) = o(b(n)),
∑∞

n=0 b(n) = ∞;

then their gf ’s satisfy A(v) = o(B(v)) as v → 1−.

(ii) Consider a measured dynamical system (S, µ) in the Class DRBGC, the gf ’s
H(v) defined in (70) and the gf Qν(v). The following holds,

(a) The functions Qν(v) and H(v) satisfy

Qν(v) = o

(
1

1− v

)
, H(v) = o

(
1

1− v

)
, (v → 1−)

The two first terms in (69) are negligible wrt to the last term.

(b) When Qτ (v) → ∞ as v → 1−, the estimate holds, for any generating
function Qµ(v) relative to a measure µ with density ϕ

Qµ(v)− ϕ(0)Qτ (v) = o (Qτ (v)) , (v → 1−) .

(c) The quotient Dµ associated in (26) with any measure µ is finite.

Proof.
Item (i). Fix ε > 0. Since a(n) = o(b(n)), there is K = Kε > 0 such that, for
n ≥ K, the inequality a(n) ≤ εb(n) holds. Thus the generating functions satisfy

0 ≤ A(v) =

K−1∑
k=1

a(n)vn +
∑
k≥K

a(n)vn ≤
K−1∑
k=1

a(n)vn + ε
∑
k≥K

b(n)vn .
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As B(v) is divergent as v → 1−, we remark that the second sum is∼ B(v) as v → 1−

Hence, dividing through by B(v), the divergence of B(v) as v → 1− implies

0 ≤ lim sup
v→1−

A(v)/B(v) ≤ ε .

Being ε > 0 arbitrary, we have proved that A(v)/B(v) → 0.

Item (ii)(a) We use Item (i) with b(n) = 1, and the two sequences qν(n) and
a(n) = −q(n) log q(n). As the sequences qν(n), q(n) tend to 0 as n → ∞, the
sequences qν(n) and a(n) tend to 0, and the two estimates hold.
The two first terms in (69) satisfy

I[S[ϕ] logS[ϕ]] = O(1) = o

(
1

(1− v)Qν(v)

)
,

H(v)

Qν(v)
= o

(
1

(1− v)Qν(v)

)
and are negligible wrt to the third term.

Item (ii)(b). As the set [W > n] coincides with the interval [0, qτ (n)], one has

qν(n) = ν
[
W > n

]
=
∫
[W>n]

ψdτ =
∫ qτ (n)

0
ψ(x)dx .

As ψ is of class C1, one has ψ(x) = ψ(0) + O(x) as x → 0. As q(n) = qτ (n) tends
to 0, we obtain

qν(n) =
∫ q(n)

0
ψ(x)dx = ψ(0) q(n) +O(q(n)2).

We apply Item(i) to b(n) = q(n) and a(n) = q(n)2 = o(q(n)) .

Item (ii)(c) In the case when Qτ (v) → ∞ as v → 1−, the quotient Dµ equals the
ratio ϕ(0)/ψ(0) and is thus finite. Otherwise, when Qτ (1) < ∞, the sequences
qµ(n) and qν(n) satisfy

qµ(n) =

∫ qτ (n)

0

ϕ(t)dt, qν(n) =

∫ qτ (n)

0

ψ(t)dt .

As the two densities ϕ and ψ are > 0 and belong to C1, the associated series are
thus convergent with sums resp. equal to Qµ(1) and Qν(1) and the quotient Dµ

equals the ratio Qµ(1)/Qν(1).
□

Consider a measured dynamical system (S, µ) in the Class DRBGC. Then, Propo-
sition 33 and Lemma 34 apply for a measure µ with a density ϕ > 0 of Class C1.
Together, they imply Theorem 20.

6.5. Two types of renewal equations. Aaronson considers the invariant mea-
sure π under S for which π(J ) = 1 – exactly the measure associated with the
function (I −A)−1[ψ] of Proposition 29– and uses the measure πJ ,

(73) πJ (X) = π(X ∩ J ) .

He deals with the measures πJ (X) particularly when X = T−k(J ) and exhibits
the following renewal equation (see [A86] page 1042) that relates the two following
generating functions :

Lemma 35. [Aaronson] The two generating functions –whose coefficients are de-
fined in terms of the sequence πJ (T−k(J )) that involves the measure πJ defined in
(73)– satisfy the renewal equation

(74)

∑
k≥0

πJ [T−kJ ]vk

 ·

1−
∑
k≥0

πJ

[
T−kJ −

(⋃
ℓ<k

T−ℓJ

)]
vk

 ∼v→1 1 .
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Proof. Aaronson first proves that, as soon as the block source BJ is ψ-mixing,
the second interval J = [c, 1] of the system (where the symbol one is emitted) is
a Darling-Kac set10. As J is a Darling-Kac set, Aaronson obtains the following
renewal equation between two functions (here τ is a real positive and W is the
waiting time of J),

(75)

∑
k≥0

π[J ∩ T−k(J )]e−τk

[∫
J
(1− e−τW )dπ(x)

]
∼τ→0 π(J )2 .

The estimate of the integral is∫
J
(1−e−τW )dπ(x) =

∑
k≥0

∫
J
[[W = k]](1−e−τW )dπ(x) =

∑
k≥0

(1−e−τk)π (J ∩ [[W = k]])

= π(J )−
∑
k≥0

π

(
J ∩

[
T−kJ −

(⋃
ℓ<k

T−ℓJ

)])
e−τk .

And finally the left member in Aaronson’s renewal equation (75) is (with v = e−τ ),∑
k≥0

π[J ∩ T−kJ ]vk

 ·

π(J )−
∑
k≥0

π

[
J ∩

[
T−kJ −

(⋃
ℓ<k

T−ℓJ

)]]
vk

 ;

In other words, dealing with the measure πJ defined in (73), Aaronson obtains the
renewal equation described in (74). □

We have also obtained, for any measure µ with a strictly positive density ϕ of Class
C1, a renewal equation between “our” generating functions

(1− v)Qµ(v), (1− v)Nµ(v)

whose coefficients are defined via the measure µ.

There is thus a strong parallelism between the two renewal equations, the previous
equation (74) and our renewal equation described in (28).

Lemma 36. The two renewal equations, the one obtained by Aaronson in (74) and
ours described in (28) for µ = ν may be deduced from each one to another one.

Proof. Due to Proposition 29(iv). □

We remark that the renewal equation obtained in the present paper is more general
than Aaronson’s one since it deals with any measure µ with a strictly positive
density ϕ of Class C1, and not only with the invariant measure ν.

7. Proof of the third main result.

We first list in Section 7.1 the main properties of slowly varying functions. Some
of them will be used in the next Section 7.2, which states an auxilliary result of
interest in the proof of the third main result, which will be provided in Section 7.3.

10We do not give a precise definition of the notion of Darling-Kac and ψ-mixing. For precise
definitions, see the papers of Aaronson, and [DK57]
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7.1. Main properties of slowly varying functions. We collect here definitions
and main properties that deal with slowly varying functions. See [BS71], [BGT89]
and [GS73] for more detailed studies.

(P1) [Basic definitions] A positive function V :]0,+∞[ belongs to SV (slowly vary-
ing in +∞) iff, for every t > 0, the ratio V (tx)/V (x) tends to 1 as x→ ∞ .
A function V belongs to SV0 (slowly varying in 0) if x 7→ V (1/x) belongs to SV
(P2) A function V belongs to SV iff, for every t > 0, the convergence in (P1) is
uniform wrt to t ∈ [a, b] with 0 < a < b <∞
(P3) A function V belongs to SV iff it admits the decomposition

V (x) = ζ(x) exp

[∫ x

1

ϵ(t)

t
dt

]
,

with ϵ(x) → 0, ζ(x) → C, (0 < C <∞) (x→ ∞) .

(P4) For V ∈ SV0 ∩ C1, the decomposition of (P3) holds with ζ ∈ C1, ϵ ∈ C0.

(P5) For any V1 ∈ SV0 ∩ C1(]0, 1]), there exists V ∈ C1(]0, 1]) such that,

V (x) ∼ V1(x),
xV ′(x)
V (x) → 0, (x→ 0) .

(P6) If V ∈ SV0, then, for any ϵ > 0, there exists Aϵ such that, for 0 < x < Aϵ,

xϵ ≤ V (x) ≤ x−ϵ .

7.2. An auxilliary result. The following result plays a central role in the proof
of Theorem 23:

Proposition 37. When a sequence Vn satisfies (29), the sequence Ṽn defined as

(76) Ṽn =
1

n1−β

∑
k<n

Vk
kβ

,

satisfies Ṽn ∼ 1

1− β
Vn (0 ≤ β < 1), Ṽn = Θ(log n)δ+1 (β = 1).

For any β ∈ [0, 1], the sequence Ṽn belongs to SV.

The estimate of Proposition 37 holds when the sum in Eqn (76) is replaced by the
integral: in the book [F71], Theorem 1, p. 281, the precise following result is indeed
proven,

When a sequence Vn satisfies (29) with β ∈ [0, 1], the sequence V̂n defined as

(77) V̂n =
1

n1−β

∫ n

1

V (x)

xβ
dx ,

satisfies V̂n ∼ 1

1− β
Vn (0 ≤ β < 1), V̂n = Θ(log n)δ+1 (β = 1).

Proof. It is then sufficient to prove the estimate V̂n ∼ Ṽn. With Property (P6),
and for β ∈ [0, 1], the series of general term V (k)/kβ is divergent. With the
decomposition ∫ n

1

V (x)

xβ
dx =

n−1∑
k=1

∫ k+1

k

V (x)

xβ
dx ,

it is sufficient to prove that

(78)

∫ k+1

k

V (x)

xβ
dx ∼ V (k)

kβ
(k → ∞) .

With the change of variable x = λk in the integral over [k, k + 1],∫ k+1

k

V (x)

xβ
dx =

k

kβ

∫ 1+ 1
k

1

V (λk)

λβ
dλ ,
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the ratio between the two terms of Eqn (78) equals

(79) k

∫ 1+ 1
k

1

V (λk)

V (k)

1

λβ
dλ.

Now, as V ∈ SV, with Property (P2), the ratio V (λk)/V (k) tends to 1 as k → ∞
uniformly in λ ∈ [1, 2] and this implies

∀ϵ > 0, ∃Nϵ, ∀k > Nϵ, ∀λ ∈ [1, 2],
1− ϵ

λβ
<
V (λk)

V (k)

1

λβ
<

1 + ϵ

λβ
.

By integrating with respect to λ ∈ [1, 1 + (1/k)], it follows that the ratio of Eqn
(79) satisfies for ϵ > 0 and k > Nϵ,

k(1− ϵ)

1− β

[(
1 +

1

k

)1−β

− 1

]
< k

∫ 1+ 1
k

1

V (λk)

V (k)

1

λβ
dλ <

k(1 + ϵ)

1− β

[(
1 +

1

k

)1−β

− 1

]
.

When k goes to infinity, the ratio of Eqn (79) is between (1 − ϵ)[1 + O(1/k)] and
(1 + ϵ)[1 +O(1/k)], and when ϵ goes to zero, this concludes the proof.

□

7.3. Proof of the third main result Theorem 23.

(A) When qν(n) ≥ 0 is of the form (29), the partial sum Q
(ν)
n of the first n coeffi-

cients of the gf Qν(v) is written in terms of Ṽ
(ν)
n defined in (76)

Q
(ν)
n =

∑
k<n qν(n) = n1−β Ṽ

(ν)
n ,

and Proposition 37 shows that Ṽ
(ν)
n belongs to SV for any β ∈ [0, 1].

Moreover, with Thm 22, and for any β ∈ [0, 1], the function Qν(v) satisfies (2) of

Thm 22 with exponent 1− β ≥ 0 and sequence V (ν)
n , equal to

(80) V (ν)
n = Γ(2− β) · Ṽ (ν)

n .

We consider the function V (ν) defined from the sequence V (ν)
n as in Theorem 22.

Now, the function Q̂ν(v) = (1− v)Qν(v) satisfies (1) of Thm 22 with the exponent

−β ∈ [−1, 0] and the function V (ν).

We then use Thm 20 that relates the function N̂µ(v) = (1 − v)Nµ(v) associated

with the generating function Nµ(v) of the number of ones and the function Q̂ν(v)
via the estimate as the real v → 1−,

N̂µ(v) ∼ 1/Q̂ν(v).

Then N̂µ(v) satisfies (1) of Thm 22 with an exponent β ∈ [0, 1] and the function

1/V (ν). This fonction belongs to SV due to Proposition 37 and Eqn (80).

As N̂µ(v) has positive coefficients, whose partial sums of order n coincide with
nµ(n), this entails, with Thm 22, that the sequence nµ(n) satisfies (2) of Thm 22
with exponent β and the sequence

(1/Γ(β + 1))1/V (ν)
n .

Then, using the expression of V (ν)
n in terms of Ṽ

(ν)
n in (80), the estimate holds,

(81) nµ(n) ∼
nβ

Γ(β + 1)

1

V (ν)
n

∼ nβ

Γ(β + 1)Γ(2− β)

1

Ṽ
(ν)
n

Using the expression Ṽ
(ν)
n in terms of Q(ν)(n) in (77) leads to the estimates

(82) nµ(n) ∼
1

Γ(β + 1)Γ(2− β)

1

Q
(ν)
n

n ;

As Q
(ν)
n → ∞ by hypothesis, this proves the first result of Assertion (A).
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In the same vein, we apply the Tauberian step (Implication (1) =⇒ (2)) to the
function (1− v)Mµ(v). As the two generating functions Nµ and Mµ satisfy, as an
indirect consequence of Theorem 20,

(1− v)Mµ(v) ∼ Eν(B) (1− v)Nν(v) ,

this gives rise to the estimate of Shannon weights given in Eqn (32)

(B) In the case when qν(n) ≥ 0 is of the form (30), the following holds for Ṽ
(ν)
n

Ṽ (ν)
n ∼ Kν

1− β
(log n)δ, (0 ≤ β < 1), Ṽ (ν)

n =
Kν

δ + 1
(log n)δ+1

Using then the general estimate (81) for nµ(n) leads to the estimates (33).

(C) The partial sum Q
(ν)
n satisfies,

Q
(ν)
n ∼ Qν(1), n→ ∞.

Moreover, the function Qν(v) satisfies (2) of Thm 22 with exponent 0 and the

constant function Qν(1). The function Q̂ν(v) = (1 − v)Qµ(v) satisfies (1) of Thm
22 with the exponent −1 and the constant function Qν(1).

We will use Theorem 20 that relates the function N̂µ(v) = (1− v)Nµ(v) associated

with the generating function Nµ(v) of the number of ones and the function Q̂ν(v)
via the estimate as the real v → 1−,

N̂µ(v) ∼ 1/Q̂ν(v).

Then N̂µ(v) satisfies (1) of Thm 22 with the exponent 1 and the function 1/Qν(1).

As N̂µ(v) has positive coefficients, whose partial sums of order n coincide with
nµ(n), this entails, with Thm 22, the estimate

nµ(n) ∼
1

Qν(1)
n, nµ(n) ∼

1

Eν [W ]
n .

This ends the proof of our main third result, Theorem 23.

8. The Class DRIS

This Section aims at exhibiting explicit instances of sources of the Class DRBGC
that will be found in a subclass of the class DRI, denoted as DRIS. The short
name DRIS stands for dynamical recurrent sources which exhibits an indifferent
fixed point with slowly varying behaviour. Such a class indeed gathers systems for
which 0 is an indifferent fixed point for branch a, with a precise description of the
contact at x = 0 between the graph of map a with its tangent (the line a(x) = x)
which involves slowly varying functions.

Section 8.1, with Definition 39, precisely defines the (strong) notion of indifferent
fixed point and the associated subclass DRIS. Section 8.2 compares our definition
with other definitions of the same spirit that are found in the literature. Then,
Section 8.3 uses a result due to Aaronson (for which we provide a precise proof)
and obtains first results on the wtd sequence q(n), that provide a first estimate on
the convergence abscissa of the Dirichlet series which intervenes in Item (a) of the
Good Class (see Definition 17). Finally, Section 8.4 with its Theorem 42, proves
the main result of the Section: the block source of a DRIS source belongs to the
Good Class.

8.1. Notion of strong indifferent fixed point : the class DRIS. Consider a
source of the Class DRI, for which the branch a admits 0 as an indifferent fixed
point. In this case, the equalities a(0) = 0 and a′(0) = 1 hold, and we introduce
a more precise notion, that deals with the set SV0 of slowly varying functions at
x = 0, in order to describe the behaviour of the derivative a′ near 0.
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We consider a particular subclass of SV0, already mentioned in (P5) of Section 7.1,
and introduced in [dB59], whose definition is recalled here.

Definition 38. The class SV∗
0 gathers the functions V ∈ SV0 of class C1(]0, 1])

for which

ϵ(x) =
xV ′(x)

V (x)
→ 0 (x→ 0) .

A result due to de Bruijn, and proven in [BGT89] page 15, states the following:

for any V1 ∈ SV0 ∩ C1(]0, 1]), there exists V ∈ SV∗
0 that satisfies

V (x) ∼ V1(x) as x→ 0.

Most of the natural functions of SV0 ∩ C1(]0, 1]) belong to SV∗
0, for instance the

functions of C1([0, 1]) or any power (positive or negative) x 7→ (log x)δ.

The following definition deals with the set SV∗
0 and provides the notion of order of

an indifferent fixed point.

Definition 39 (indifferent fixed point of order γ > 0). A map a defined on the
unit interval I = [0, 1], and of class C2([0, 1]) satisfying a(0) = 0 has an indifferent
fixed point at x = 0 of order γ > 0 if there exists a positive function V ∈ SV∗

0 for
which a is written, for any x ∈ I, as
(83) a(x) = x− u(x), u′(x) = xγ V (x), u′(x) ∈ [0, 1] ,

with the conditions at x = 0, u(0) = 0, u′(0) = 0. One lets v(x) = u(x)/x so that

a(x) = x(1− v(x)).

We now describe first properties of such a branch a.

Lemma 40. When a has an indifferent fixed point of order γ > 0, with a′(x) =
1− xγV (x) and V ∈ SV∗

0, the following holds:

(i) a(x) ∈ [0, 1] for x ∈ [0, 1].
(ii) there exists a neighborhhood of 0, say [0, x0] on which the fonction a is

concave
(iii) the function v satisfies

v(x) =
xγ

γ + 1
V1(x), V1(x) ∼ V (x) (x→ 0)

and V1 is slowly varying

Proof. (i) First, since u′(x) ∈ [0, 1], it is the same for 1− u′(x) and

a(x) = x− u(x) =
∫ x

0
(1− u′(t))dt ∈ [0, 1] for x ∈ [0, 1].

(ii) The derivative u′′(x) satisfies

u′′(x) = γ xγ−1V (x) + xγV ′(x) = γxγ−1V (x) [1 + ϵ(x)] , ϵ(x) = 1
γ

xV ′(x)
V (x)

As V ∈ SV∗
0, this entails

a′′(x) ∼ −γ xγ−1V (x) (x→ 0) .

(iii) with integration by parts, the function u satisfies

u(x) =

∫ x

0

tγV (t)dt =
[ tγ+1

γ + 1
V (t)

]x
0
−
∫ x

0

tγ+1

γ + 1
V ′(t)dt .

This entails ∣∣∣∣u(x)− xγ+1

γ + 1
V (x)

∣∣∣∣ ≤ ϵ1(x)

γ + 1

∫ x

0

tγV (t)dt =
ϵ1(x)

γ + 1
u(x) ,

where ϵ1(x) = max
t∈[0,x]

ϵ(t), ϵ(t) =
xV ′(t)

V (t)
tends to 0 as x→ 0

and thus Item (c) holds. □
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Remark: The functions v and (γ + 1)u′ are thus equivalent as x→ 0.

Definition 41. We denote by DRIS(γ) the subset of the class DRI which gathers
the systems for which the first inverse branch a admits an indifferent fixed point of
order γ > 0, and we let

DRIS =
⋃

γ>0 DRIS(γ).

As explained in Section 3.3, when the branch a admits an indifferent point of order
γ > 0, there are two main cases for the derivative b′(0) of branch b : – a strong
case, called the case (s), where |b′(0)| < 1, – a weak case, called the case (w) where
b′(0) = −1. According to the two possible cases for the branch b, there are thus
two subclasses

DRISs(γ) and DRISw(γ) .
We have seen that the Farey system has a branch b of the case (w).

The importance of the DRIS Class in this paper is due to the following Theorem
42, which will be proven in Section 8.4.

Theorem 42. When the source S belongs to the DRIS Class, its block source B
belongs to the Good Class, and the inclusion DRIS ⊂ DRBGC holds.

8.2. About our Class DRIS. The idea of dealing with a direct branch A of
class C2 with an indifferent point at 0 seems first due to Manneville and Pommeau
[PM80]. Then, many authors deal with this type of sources, and make precise the
notion of indifferent fixed point they use. Thaler in [T83] gives a precise definition,
and obtains precise results on these sources that will be used later on by Aaronson
[A86]. Then, Holland [H04] deals with maps T whose direct branches A are of class
C2 and written as

A(x) = x(1 + xγV (x)) with V of slow varying.

We remark that all the tools Holland needs in the study of “his” class can be in
fact expressed with the inverse branch a.

This is why we directly define our class DRIS via the inverse branch a, and more
precisely via the derivative a′ of the inverse branch a. Then, there are two expres-
sions of the branch A or its inverse a,

a′(x) = 1− xγV (x) [the present approach],

A(x) = x(1 + xγV (x), [Holland’s approach] .

Via Implicit Function Theorem, there thus exists a relation between V and V that is
however not straightforward: this explains that the computations made by Holland
are often less direct than ours, notably when he deals with convexity.

8.3. First results on the waiting time in the class DRIS. Relation (83) gives
rise to a recurrence for the sequence qτ (n) = τ [W > n] = an(1) associated with the
distribution of the waiting time with respect to the uniform measure τ ,

(84) qτ (0) = 1 qτ (n+ 1) = qτ (n)
(
1− v(qτ (n))

)
.

In the sequel of this section, the index τ is omitted.

The next proposition, based on a result due to Aaronson, provides first estimates on
the behaviour of the wtd sequences q(n) and r(n). This will be useful for describing
the behaviour of the Dirichlet series ∆(s) which plays an important role in Item
(a) of block sources.

Theorem 43. For a source of the DRIS(γ) Class, with γ > 0, the following holds:

(i) The distribution of the waiting time W satisfies,

v(q(n)) ∼ 1

γn
(n→ ∞) .
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where v is the function involved in Definition 39

(ii) For every ε ∈ (0, γ), there exists N = Nε and constants A, Ã > 0 for which,
for any n ≥ N ,

Ã
(
1
n

)1/(γ−ε) ≤ q(n) ≤ A
(
1
n

)1/(γ+ε)
.

In particular, the mean E[W ] is infinite for γ > 1 and is finite for γ < 1.
(iii) When γ < 1, for any γ̂ with γ < γ̂ < 1, there exist an integer L(γ̂) and a

constant A(γ̂) such that for any ℓ > L(γ̂), the inequality holds

(85) ℓ ≤ A(γ̂) q(ℓ)−γ̂ .

(iv) There exists N for which, for any n ≥ N , the estimates hold

r(n) = q(n+ 1)− q(n) ≤
(
1

n

)1+(2/(2γ+1))

v(q(n))− v(q(n+ 1)) ∼ 1

γ

1

n2
.

(v) The convergence abscissa of the Dirichlet series ∆τ (s) =
∑

m≥1 r(m)s is

less than [1 + (2/(2γ + 1))]−1 and is stricly less than 1.

Proof. (i) For a regularly varying map v(x) = xγV1(x) with index γ at x = 0, we
use (84) and the two estimates

1

v(q(n+ 1))
=

1

q(n+ 1)γV1(q(n+ 1))

1

v(q(n))
=

1

q(n)γV1(q(n))
.

This entails

1

v(q(n+ 1))
=

1

v(q(n))

1

(1− v(q(n)))γ
· V1(q(n))

V1(q(n+ 1))
.

Then, the difference satisfies,

(86)
1

v(q(n+ 1))
− 1

v(q(n))
=

1

v(q(n))

[
1

(1− v(q(n)))γ
· V1(q(n))

V1(q(n+ 1))
− 1

]
.

For a general slowly varying map V1, the asymptotic study of the ratio

V1(q(n))/V1(q(n+ 1))

is thus central and Aaronson provides the following estimate, for which we recall
the proof:

Lemma 44. Consider the sequence q(n) defined as in (84), with v(x) = xγV1(x)
and V1 ∈ SV0 of class C1. Then

(87)
V1(q(n))

V1(q(n+ 1))
= 1 + o(v(q(n)) .

Proof. When V1 is of class C1, with V1(0) ̸= 0, one uses Property (P3) and (P4) in
7.1 to get

V1(x) = ζ(x) exp

[∫ 1

x

ϵ(t)

t
dt

]
, with ζ ∈ C1, ϵ ∈ C0, lim

t→0
ϵ(t) = 0.

Then, the estimates hold

(88) log
V1(q(n))

V1(q(n+ 1))
= log

ζ(q(n))

ζ(q(n+ 1))
+ o

(
log

q(n)

q(n+ 1)

)
.

The estimate

log q(n)
q(n+1) = − log(1− v(q(n)) ∼ v(q(n)) ,

entails that the second term in (88) is o(v(q(n)). Moreover,

as ζ ∈ C1, with ζ(x) = C +O(|x|), C ̸= 0,
the first term in (88) satisfies,

log ζ(q(n))
ζ(q(n+1)) = O(ζ(q(n+ 1))− ζ(q(n)) = O(q(n+ 1)− q(n)) = O(q(n)v(q(n)))
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and it is of smaller order than the second term. This entails an estimate o(v(q(n))
for (88) and thus an estimate for (87) as in Lemma 44. □

Using this last estimate in (86) leads to

1

v(q(n+ 1))
− 1

v(q(n))
=

1

v(q(n))

[
1

(1− v(q(n)))γ
· V1(q(n))

V1(q(n+ 1))
− 1

]

=
1

v(q(n))

([
1 + γv(q(n) + o(v(q(n)2)

]
[1 + o(v(q(n))]− 1

)
= γ + o(1) .

We take the sum of the previous estimates, and obtain

1

v(q(n))
= γn+ o(n) , (n→ ∞), v(q(n)) ∼ 1

γn
γ2

1

n
≤ v(q(n)) ≤ γ1

1

n
,

with γ1 and γ2 arbitrary close to 1/γ.
(ii) The previous estimate given in (i) leads to

(89) q(n)γV1(q(n)) ∼
1

γn
q(n) ∼

(
1

γn

)1/γ (
1

V1(q(n))

)1/γ

.

As V1 belongs to SV0, it is the same for 1/V1, and 1/V1(q(n)) satisfies, for any
ϵ > 0, for N larger than Nϵ,

q(n)ε ≤ 1

V1(q(n))
≤ q(n)−ε .

This entails, with (89), the two inequalities, as soon as N is larger than Nϵ,

Ãϵ

(
1

n

)1/(γ−ϵ)

≤ q(n) ≤ Aϵ

(
1

n

)1/(γ+ϵ)

.

When γ > 1, we choose ϵ such that ϵ < γ − 1. This entails 1/(γ − ϵ) < 1 and the
divergence of E[W ] follows. When γ < 1, we choose ϵ such that γ < γ̂ = γ + ϵ < 1.
The convergence of E[W ] follows.
(iii). Clear

(iv) We choose ϵ = 1/2. This leads, with Items (i) and (ii), for n ≥ N , and for
some constant A, to the estimate

q(n)− q(n+ 1) = q(n)
(
1− (1− v(q(n))

)
≤ A

(
1

n

)1+2/(2γ+1)

.

In the same vein, for some constant B

v(q(n))− v(q(n+ 1)) = v(q(n))

(
1− q(n+ 1)γ

q(n)γ
V1(q(n+ 1))

V1(q(n))

)

= v(q(n))

(
1− (1− v(q(n)))γ

V1(q(n+ 1))

V1(q(n))

)
.

Using Lemma 44 and the same principles as in the proof of Assertion (i), one obtains

v(q(n))− v(q(n+ 1)) ∼ γv(q(n))2 ∼ (1/γ)(1/n2) .

(v) Clear.
□
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8.4. Proof of the inclusion DRIS ⊂ DRBGC. This Section is devoted to the
proof of Theorem 42.

Proof. Property (a) of the Good Class holds from Item (iv) of Theorem 43.

Property (b) of the Good Class: strict contraction. This property holds for the
whole Class DR– in a strong form– and thus, in particular, for the class DRI.

Lemma 45. For a source of the Class DRI, the sequence ηn of Definition 17 (b)
satisfies the following11:

(a) For a source of the Class DRIs, one has η1 < 1, whereas for a source of the
Class DRIw, one has η1 = 1 and η2 < 1.

(b) For any source in the Class DRI, the inequalities hold for n ≥ 2,

ηn ≤ η1+⌊(n−2)/2⌋
2

with η
2
= min(η21 , η2) < 1 .

Proof.
Item (a). The derivative g′m of the branch gm = am−1 ◦ b of the source B satisfies

(90) |g′m(x)| = |b′(x)| (m = 1), |g′m(x)| = |b′(x)|
m−1∏
ℓ=1

|a′(aℓ−1 ◦ b(x))| (m ≥ 2) .

With the intervals Jℓ defined in Proposition 13(i) for ℓ ≥ 1, and J0 = I, we define

αm = max{a′(x) | x ∈ Jm}, (m ≥ 1), βm = max{|b′(x)| | x ∈ Jm}, (m ≥ 0) .

For m ≥ 1, the inequalities αm < 1 and βm < 1 lead to the bounds

γm =
∏m−1

ℓ=1 αℓ < α1, supm≥1 βm ≤ 1.

In the case of a system in DRIs, the first factor in (90) is at most β0 < 1 whereas
the second factor is at most equal to γm and thus at most α1 ≤ 1.

In the case of a system in DRIw, we consider the branches of depth 2, of the form
gm ◦ gn associated with an integer pair (m,n), let

A(m,n) := sup{|(gm ◦ gn)′(x)| | x ∈ [0, 1]}, m ≥ 1, n ≥ 1
and consider four cases:

(m = n = 1), (m ≥ 2, n = 1), (n ≥ 2, m = 1), (m ≥ 2, n ≥ 2).

Then, there is a bound for A(m,n) in each of the four cases, as follows:

(m = 1, n = 1) : β1 (m ≥ 2, n = 1) : α1

(m = 1, n ≥ 2) : βn α1 (m ≥ 2, n ≥ 2) : α2
1 .

This entails

η2 = sup{A(m,n) | m,n ≥ 1} ≤ sup(β1, α1, α1 supn≥2 βn, α
2
1) ≤ max(β1, α1) < 1 .

Item (b). Clear with multiplicativity of derivatives.
□

Property (c) of the Good Class : distortion.

For each branch a, b we denote by δ(a), δ(b) the finite bounds,

(91) δ(a) = max
(x,y)∈I2

|a′(x)|
|a′(y)|

, δ(b) = max
(x,y)∈I2

|b′(x)|
|b′(y)|

.

We also remark that the distortion ratio is expressed as a derivative

(92)
|h′′(x)|
|h′(x)|

=
d

dx

(
log |h′(x)|

)
and thus

∣∣∣∣log |h′(x)|
|h′(y)|

∣∣∣∣ = ∣∣∣∣∫ y

x

|h′′(u)|
|h′(u)|

du

∣∣∣∣ .
11The Classes DRIs and ,DRIw are defined in Section 3.3.
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With (90), the derivative g′m of the inverse branch gm = am−1 ◦ b satisfies,

(93) log
|g′m(x)|
|g′m(y)|

= log
|b′(x)|
|b′(y)|

+

m−2∑
ℓ=0

Aℓ, Aℓ = log
|a′(aℓ ◦ b(x))|
|a′(aℓ ◦ b(y))|

.

Each term Aℓ involves two points that belong to

Jℓ+1 = [aℓ ◦ b(1), aℓ ◦ b(0)] = [q(ℓ+ 1), q(ℓ)].

Consider the point x0 in Lemma 40 (item (ii)). As each interval Jℓ satisfies Jℓ+1 ⊂
[0, q(ℓ)] and since q(ℓ) → 0, there is an integer M1 for which, for any ℓ ≥ M1, one
has q(ℓ) ≤ x0. Then, we may apply (92) to any pair of points of the interval Jℓ.
Moreover a′(0) = 1 and a′(x) > 0 on [0, x0]. This entails the estimate for ℓ ≥M1,

(94) |Aℓ| ≤ K

∣∣∣∣∣
∫ aℓ◦b(y))

aℓ◦b(x))
a′′(u)du

∣∣∣∣∣ ≤ K|v(q(ℓ)− v(q(ℓ+ 1))| .

We apply Item (iii) of Theorem 43, and, choosing M = max(M1, N), the sum of
estimates in (94) for ℓ ≥M is of order Θ[M−1].

For ℓ ≤M , using the bound (91), the sum for indices ℓ ≤M in (93) is less than

M log δ(a) + log δ(b).
This entails, for any (x, y) ∈ I2 and for any integer m, the final distortion bound,

log
|g′m(x)|
|g′m(y)|

≤ (log δ(b) +M log δ(a)) + K
M

that leads to the result.
□

9. The Class DRIL.

We introduce in Section 9.1 the subclass DRIL, where the letter L is relative
to a logarithm behaviour of the inverse branch a. Proposition 48 of Section 9.2
provides precise estimates for the wtd sequence. Then, Section 9.3 answers the
main question of the paper and explains how to find a source of the Class DRIL
with a prescribed Shannon weight and Section 9.4 made important remarks on
this result. The Section ends in Section 9.5 with the description of some explicit
instances of the subclass DRIL, with their graphs.

9.1. Definition of the Class DRIL. We consider a subclass of the class DRI
that gathers functions u in (83) whose derivative u′ is of logarithmic type. This
explains the “L” at the end of the name of the subclass.

Definition 46. The class DRIL(γ, δ) is the subset of the class DRI which gathers
the functions u ∈ C2 whose derivative u′ satisfies u′(x) ∈ [0, 1] and is written,
instead of (83), as u′(x) = xγVδ(x), with

(95) Vδ(x) = A| log x
2 |

δ, (δ ̸= 0), V0(x) ∈ C1, V0(x) > 0 (δ = 0) ,

with some constant A, and some function V0.

The following inclusions hold,

(γ = 1, δ ≤ 0) DRIL(1, δ) ⊂ DRIS(1), (γ > 1, δ ∈ R) DRIL(γ, δ) ⊂ DRIS(γ) ,
and lead us to the set ΓS for possible parameters (γ, δ) of the source S, together
with the subset DRIL,

(96) ΓS =
(
]1,+∞[×R

)⋃(
{1}×]−∞, 0]

)
, DRIL =

⋃
(γ,δ)∈ΓS

DRIL(γ, δ) .

Lemma 47. The following holds
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(i) For any (γ, δ) ∈ ΓS, there are choices for the constant A, or the function
V0, which entail that

u′(x) = xγVδ(x) = Axγ | log x
2 |

δ ∈ [0, 1] for x ∈ I.
For δ ̸= 0, any A < A−1

γ,δ, with Aγ,δ defined in (98), is a valid choice.

(ii) For any δ ̸= 0, the functions u and v satisfy

u(x)

x
= v(x) = A

γ+1 x
γ | log x

2 |
δ
[
1 +O

(
1

| log x|

)]
.

For (strictly) positive integer values of δ, the two functions u(x), and v(x) =
u(x)/x are written as the product of the power function xγ by a polynomial
Pδ in the variable | log x

2 | of degree at most δ.

Proof. First remark that u′ is well defined on [0, 1] for any δ.

(i) When δ ̸= 0, we make precise the conditions on the constant A. The derivatives
satisfy,

V ′
δ (x) = δ

(−1
x

)
(− log x

2 )
δ−1 = − δ

x (− log x
2 )

δ−1,
xV ′

δ (x)

Vδ(x)
= −δ| log x

2 |
−1

= δ

log
x
2
,

(97) and thus u′′(x) = xγ−1Vδ(x) [γ + ϵ(x)] , with ϵ(x) =
δ

log x
2

.

For γ = 1, we ask a finite limit for Vδ as x → 0, and thus δ ≤ 0. For any value of
γ ≥ 1, there is a zero for u′′ at the point x0 for which

log x0

2 = −δ/γ, i.e., x0 = 2e−δ/γ .

When x0 ≤ 1 the function u′ has a maximum at x0, whereas, for x0 ≥ 1, the
maximal value of u′ is attained at x = 1. The condition x0 ≤ 1 is

e−δ/γ ≤ 1/2 or, equivalently, δ ≥ (log 2) γ > 0 .

In all the cases with δ ̸= 0, the maximal value of u′ is A×Aγ,δ, where

(98) Aγ,δ = 2γe−δ(δ/γ)δ , δ ≥ (log 2) γ; Aγ,δ = (log 2)δ , otherwise .

For δ ̸= 0, we are thus led to deal with functions uγ,δ associated with a constant A

which satisfies A < A−1
γ,δ and Aγ,δ defined in (98).

For δ = 0, we ask the function u′γ,0 = xγV0(x) to belong to the interval [0, 1].

(ii) Due to (97), this is Item (c) of Lemma 40 in the case when ϵ(x) = δ(log x
2 )

−1 and
thus ϵ1(x) = ϵ(x). The explicit expressions are obtained with successive integrations
by parts. □

9.2. Precise estimates of the wtd sequence. For a system of the subclassDRI,
the block source B belongs to the Good Class. However, there are no precise results
on the asymptotic behaviour of its wtd sequence. We only know the asymptotic
behaviour of the sequence v(q(n)) from Theorem 43(i). This is why we introduce
the subclass DRIL where it is possible to obtain precise results on the asymptotic
behaviour of the wtd sequence. This is the main interest of the DRIL Class.

Proposition 48. For a source S of the DRIL(γ, δ) Subclass, the wtd q(n) satisfies

q(n) ∼ γ(δ−1)/γ n−1/γ (log n)−δ/γ (δ ̸= 0), q(n) ∼ Bn−1/γ (δ = 0) .

Proof. We start with the general estimate for v(q(n)) obtained in Item (i) of The-
orem 43. We want to show that we can invert this relation asymptotically, yielding
the asymptotics for q(n).
For δ = 0, the estimate is direct. When δ ̸= 0, one has

v(x) = xγV1(x), V1(x) = A| log x
2 |

δ
[
1 +O

(
1

| log x|

)]
.
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Consider pairs (x, y) for which v(y) ∼ x with x, y → 0. Such pairs (xn, yn) exist,

(99) yn = q(n), xn = 1/(γn)

Notice that:

x ∼ v(y) = Ayγ | log y
2 |

δ(1 +O( 1
| log y| )), x1/γ ∼ A1/γy | log y

2 |
δ/γ

1
γ log x = log y − δ

γ log | log y
2 |+ o(1) = log y (1 + ϵ(y))

with ϵ(y) → 0 as y → 0, so that the estimates hold, (as x, y tend to 0)

log y
2 ∼ log y ∼ 1

γ log x, y
∣∣∣ 1γ log x

∣∣∣δ/γ ∼ A−1/γ x1/γ ,

and finally y ∼ A−1/γ
(

1
γ

)−δ/γ

x1/γ | log x|−δ/γ .

Applying to the pairs (xn, yn) given in (99) leads to the estimate of Proposition 48
in the case δ ̸= 0. □

9.3. Exhibiting a DRIL source with a prescribed Shannon weight. We
associate with a source S of the subset DRIL the set ΓS of parameters (γ, δ)
defined in (96) together with the pair (βQ, δQ) of parameters that describe the wtd
q(n) of such a source S. Proposition 48 exhibits an injective map defined on ΓS

(S → Q) : (γS , δS) 7→ (βQ, δQ), βQ := 1/γS , δQ = −δS/γS ,

whose image is

Γ⋆
Q = (]0, 1[×R)

⋃
({1} × [0,∞[) .

The set Γ⋆
Q is (strictly) contained in the set ΓQ defined in (31), recalled here

ΓQ = (]0, 1[×R)
⋃
({1} × [−1,∞[)

⋃
({0} × [−∞, 0[) .

In other terms, there does not exist a source of the Class DRIL whose wtd param-
eters (β, δ) satisfy (

β = 1, δ ∈ [−1, 0[
)

or β = 0 .

Theorem 23 applies to sources S in the Class DRIL, and the injective map de-
scribed in (36)

(Q→M) : (βQ, δQ) 7→ (βM , δM )

is defined on Γ⋆
Q. Finally, for a source S of the subclass DRIL, there is an injective

map (S → M) defined on ΓS equal to the composition of the two maps (S → Q)
and (Q→M). One has

(S →M) : (γS , δS) 7→ (βM , δM ), with

βM = 1/γS , δM = −δS/γS (γS > 1), or δM = −(δS/γS)− 1 (γS = 1)

and the image (S →M)(ΓS) equals Γ
⋆
M = (]0, 1[×R)

⋃
({1} × [−1,∞[).

The inverse map is defined on Γ⋆
M and satisfies:

(M → S) : (βM , δM ) 7→ (γS , δS) with

(100)
γS = 1/βM , δS = −δM/βM (βM < 1) or δS = −(δM + 1)/βM (βM = 1) .

We have thus proven the following result, which provides the final answer to our
“exhibition”:
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Theorem 49. For any pair

(βM , δM ) ∈ (]0, 1[×R)
⋃

({1} × [−1,∞[),

there exists a source S in the subclass DRIL(γ, δ) with the pair

(γ, δ) ∈
(
]1,+∞[×R

)⋃ (
{1}×]−∞, 0]

)
which admits Shannon weights m(n) of the form m(n) = Θ(nβM (log n)δM ).

The pair (γ, δ) is related to the pair (βM , δM ) via Equation (100)

9.4. Remarks on the final result. There are three remarks :

(a) The limit case (βM , δM ) = (1,−1) is obtained with sources of the subclass
DRIL(1, 0), and for instance with the Farey source.

(b) The previous result does not provide aDRIL source whose parameters (βM , δM )
satisfy

(101) (βM = 1, δM ∈]− 1, 0[) or (βM = 0, δM > 0) .

The first case would correspond to Shannon weights very close to a linear behaviour
Θ(n(log n)δM ) with δM negative near 0.

However, in another paper [ACPRV], the authors study the model called Variable
Length Memory Chains (VLMC) and exhibit instances of sources whose parameters
satisfy (101). These results are not developed here.

(c) We give some hints on the constant that intervenes in Theorem 49. When the
system belongs to DRIL(γ, δ), then, from Proposition 48, the sequence qτ (n) has
a constant Kτ that is expressed in terms of the pair (β = βM , δ = δM ),

Kτ = ββ+δ+1 (β = 1) Kτ = ββ+δ (β < 1) ,

and, from Theorem 23, the precise asymptotic for mµ(n) holds in terms of the pair
(β = βM , δ = δM )

mτ (n) ∼


Eν(B)
ψ(0)

(δ + 1)β−(β+δ+1) nβ

(log n)δ+1
(β = 1)

Eν(B)
ψ(0)

β−(β+δ)

Γ(β + 1)Γ(1− β)

nβ

(log n)δ
(0 ≤ β < 1)

 .

There are two kinds of constants. the second group of constants (in the second
column) are absolute constants, that only depend on the pair (β, δ). But there is
also (in the first column) the quotient Eν(B)/ψ(0) that involves the block dynamical
system itself. There is thus an important question: how does the block dynamical
system of a system of the DRIL(γ, δ) Class evolve as a function of the pair (γ, δ)
–namely, the quotient of its entropy with its invariant density–?

9.5. Some instances of the DRIL Class.
Our emblematic instance: the Farey source. The inverse branch a of the Farey
map is x/(1 + x) and its derivative equals a′(x) = (1 + x)−2. Then the fonction
u′(x) = 1− (1 + x)−2 satisfies u′(x) ∈ [0, 1]. Moreover, one has

u′(x) = x · V0(x) with V0(x) =
2 + x

(1 + x)2
,

and the Farey map belongs to the Class DRIL(1, 0) ∩ DRw.

Other instances. We also describe in Figure 3 other instances of the classDRIL(γ, δ)
with (γ, δ) ∈ ΓS . We first remark that the branch b has no influence on the pair
(βM , δM ) which defines the asymptotic behaviour of Shannon weights. The branch
b just intervenes via its value b′(0), which may be equal to −1 –case DRIw– or
strictly larger than −1 –Case DRIs– (See Section 3.3). As Lemma 47(ii) suggests,
we limit ourselves to (small) positive integer values of δ, for instance, δ = 1 or 2
where the computations become simpler, with
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V1(x) = A| log x
2 | and V2(x) = A(log x

2 )
2,

for a precise choice of constants A, which depends on the pair (γ, δ) and is described
in Lemma 47(i).

Figure 3 deals with five explicit pairs (β, δ) for which we indicate the corresponding
Shannon pairs (βM , δM ). The first two pairs are relative to the Class (DRIL)s,
and the branch b is the linear complete map. The last three pairs are relative to
the Class (DRIL)w, and we then consider branches b with b′(0) = −1. The final
case corresponds to the Farey source.

(
14
10 , 1

) (
5
7 ,−

5
7

) (
11
10 , 2

) (
10
11 ,−

20
11

)
(4, 1)

(
1
4 ,−

1
4

)

(2, 2)
(
1
2 ,−1

)
(1, 0) (1,−1)

Figure 3. Five pairs (γ, δ), their corresponding Shannon pairs
(βM , δM ), and their corresponding graphs

9.6. Application to the Farey source. The Farey source is described in Section
3.8; it is proven there that the Farey source belongs to the subclass DRw and
its block source is defined by the Gauss map. It is proven in Section 9.5 that the
Farey source belongs to the subclass DRIL(1, 0). Thus, its block source (the Gauss
source) belongs to the Good Class.
Moreover, the main spectral objects of the Gauss map are explicit :
– its stationary density is ψ(x) = 1/(log 2) 1/(1 + x)
– its entropy equals π2/(6 log 2)

Then we may apply our three main theorems, and obtain the final estimate for the
Shannon weights:

Theorem 50. Denote by µ a mesure with a strictly positive density ϕ of class C1.
The Shannon weights mµ(n) of the Farey source satisfy

mµ(n) ∼ ϕ(0)
π2

6

n

log n
, (n→ ∞) .

As we explain in the next subsection, and to the best of our knowledge, this result
is new.
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9.7. Return to Shannon weights. The notion of coincidence intervals is central
in the context of dynamical systems, here defined on the unit interval I. We first
recall this notion: for any x ∈ I and any depth k, the interval Ik(x) gathers all
the reals y ∈ I that belong to the same fundamental Iw as x. Any y ∈ Ik(x) then
emits the same prefix of length k as x. The random variable Xk := logµ(Ik) is
thus of great interest.

The present paper studies Shannon weights and describes their asymptotic be-
haviour. Observe that, for k ≥ 1, the function x 7→ Ik(x) is a staircase function
which is constant on each interval Iw with |w| = k, and thus Shannon weights
exactly coincide with the expectations of the variable x 7→ Xk(x),

mµ(k) = Eµ[Xk], Xk(x) = | logµ(Ik)(x)|.
The paper [BCRS23] studies other probabilistic characteristics of the random vari-
able Xk := | logµ(Ik)|. It introduces in Definitions 2.1 and 2.2 of [BCRS23] two
notions of weights (AEW) and (MW) that provide extensions of respective entropies
introduced in the paper of Dajani and Fieldsteel [DF01]. It does not consider the
notion of Shannon weights.

We now rewrite all these definitions in the “dynamical” context:

Definition 51. [BCRS23] Consider a dynamical source S, a measure µ on the unit
interval, for any depth k, the random variable Xk := | logµ(Ik)|, and a real positive
sequence f : k 7→ fk.

(SW)[f ] The source S has a Shannon weight fk if and only if

Eµ[Xk] ∼ fk (k → ∞)

(AEW)[f ] The source S has a almost everywhere weight fk if and only if

Xk(x) ∼ fk [x almost everywhere] (k → ∞)

(MW)[f ] The source S has a weight (in measure)12 fk if and only if

Xk(x) ∼ fk [in measure] (k → ∞)

In each of the three cases, if the sequence k 7→ fk is linear, of the form fk = c · k,
the source S is said to have entropy c (resp. Shannon entropy, almost everywhere
entropy, entropy in measure).

The paper [BCRS23] focuses on the notions (AEW) or (MW) and considers many
classical sources defined in Number Theory contexts; it studies in particular the
Farey dynamical source (called in [BCRS23] the Stern-Brocot source) from these
two points of view and proves the following:

– the Farey source satisfies (MW)[f ] with fk = ϕ(0)(π2/6)(k/log k) ;

– the Farey source does not satisfy (AEW).

The two papers (the [BCRS23] paper and the present one) thus study the same
sequence

Yk(x) =
Xk(x)

fk
− 1 ,

(and both in an indirect way). The paper [BCRS23] shows in its Proposition 4.7
that Yk converges to 0 in measure, with tools that are quite specific to the Farey
source and its close relation to continued fraction expansions (using for instance a
deep result due to Khinchin), while the present one obtains the convergence of the

12We first recall that a sequence Xk converges to 0 in measure if and only if

∀ϵ > 0, lim
k→∞

|{x ∈ I | |Xk(x)| > ϵ}| = 0 . (k → ∞)
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expectation E[Yk] to 0, with quite different tools (notably Abelian and Tauberian
theorems, together with a renewal theorem) that can be applied to more general
contexts.

There is now an important question: Is it possible to directly relate the two results
in our setting? There does not exist any general relation between (MW)[f ] and
(SW)[f ], and one needs extra sufficient assumptions on Yk: for instance, general
domination properties, described in [T11], or a more precise information on the
second moment of Xk, would allow to relate (MW)[f ] to (SW)[f ].
Assume, for instance, that the second moment E[X2

k ] of Xk is asymptotically equiv-
alent to the square f2k = (E[Xk])

2 of the first moment; then the variance Var(Xk)
would satisfy Var(Xk) = E[X2

k ] − f2k = o(f2k ), and Chebyshev’s inequality would
apply and imply

(102) µ[|Yk| ≥ ε] = µ[|Xk − fk| ≥ fkε] ≤
Var(Xk)

f2kε
2

= o(1) ,

for any fixed ε > 0. This would show that Yk converges to 0 in measure.
This relation between (MW) and (SW) will be addressed in our setting in a forth-
coming paper
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